J. N. REDDY

ENERGY PRINCIPLES

AND

VARIATIONAL METHODS
IN
APPLIED MECHANICS

THIRD EDITION

WILEY



JN Reddy -1 LecturWﬁﬁGﬁifg?LES AND VARIATIONAL METHODS
ENERGY AND VARIATIONAL METHODS

CONTENTS

| vector
of mathematical vector
nd vector products
S R roducts of vectors
AR e ents of vectors
IN APPLIED MECHANICS ilon convention
SECOND EDITION prder tensors

et 0 mation of components
pperator and calculus of
e s and tensors
cal and spherical
nates systems

VECTORS&TENSORS -

Read: Chapter 2




JN Reddy - 2 Lecture Notes on ENERGY PRINCIPLES AND VARIATIONAL METHODS

A REVIEW OF
VECTORS AND TENSORS

An Introduction to J. N. REDDY

GONTINUUM Much of the material
MECHANICS | Included herein is taken

from the instructor’s
two books exhibited here ———

(both published by the e
Cambridge University ONTINUUM
MECHANICS

Press)
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PHYSICAL VECTORS
Physical vector: A directed line segment with an
arrow head.

Examples: force, displacement, velocity, weight

Unit vector along a given vector A:
: A A A
The unit vector, e, = = (A=0) /

Is that vector which has the same P é,

direction as A but has a magnitude

that is unity.
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MATHEMATICAL VECTORS

Rules or Axioms B

Vector addition:
(1) A+ B =B+A (commutative)
(i) (A+B)+C =A+(B+C) (associative)
(i) A+0=A (zero vector)
(iv) A+(-A) =0 (negative vector)

Scalar multiplication of a vector:
(1) oa(pA)= aff(A) (associative)
(i) (a+ P)A= a A+ SA (distributive w.r.t. scalar addition)
(i) o (A+B)=aA+aB (distributive w.r.t. vector addition)
(iv) 1.A=A.1

J. N. Reddy VECTORS&TENSORS - 4
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VECTORS (continued)

Work done Magnitude of the force multiplied by the

magnitude of the displacement in the direction of
the force: .

- WD = [F|cos 6 x|ul

WD = |F| ><|u|cos€

VECTORS&TENSORS - 5
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VECTORS (continued)

Inner product (or scalar product) of two vectors is
defined as

A-B = ‘A‘ ‘B‘cos@ = ABcos6

i
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VECTORS (continued)

Moment of a force Magnitude of the force

multiplied by the magnitude of the perpendicular
distance to the action of the force:

M|=(F, M=(rsindxF)é, =rxF

F
O/K' =

= ‘r‘sin@ =r sinf
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VECTORS (continued)

Vector product of two vectors is defined as

AxB = ‘AHB‘SHI@ e,; = ABsinf e

J. N. Reddy VECTORS&TENSORS - 8
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PLANE AREA AS A VECTOR

The magnitude of the vector C = A x B Is equal to the area
of the parallelogram formed by the vectors A and B.

In fact, the vector C may be considered to represent both the
magnitude and the direction of the product of A and B. Thus,

a plane area in space may be looked upon as possessing a
direction in addition to a magnitude, the directional character

arising out of the need to specify an orientation of the plane
area in space. Representation of an area as a vector has many

uses iIn mechanics, as will be seen in the sequel.
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SCALAR TRIPLE PRODUCT

The product A. (B x C) isascalar and it is termed the scalar
triple product. It can be seen from the figure that the product
A . (B x C), except for the algebraic sign, is the volume of the
parallelepiped formed by the vectors A, B, and C.

BxC A/
lﬁcw
B

A.(BxC)

J. N. Reddy VECTORS&TENSORS 10
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EXERCISES ON VECTORS

1. If two vectorsaresuchthat A-B =0
what can we conclude?

2. If two vectors are suchthat AxB =0
what can we conclude?

3.Provethat A-BxC=AxB-C

4. If three vectorsaresuchthat AxB-C =0
what can we conclude?

5. The velocity vector in a flow field is v = 2i + 33’ (m/ s).
Determine (a) the velocity vector v normal to the plane

n = 3i-4k passing through the point, (b) the angle between
v and v . () tangential velocity vector on the plane, and
(d) The mass flow rate across the plane through an area

A = 0.15 m? if the fluid density is p = 10° kg/ m® and the

3. N. Reday | Flow Is uniform. VECTORS&TENSORS -11
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COMPONENTS OF VECTORS

Components of a vector

X3

4 5 —
éz: 3[

D>

A
/y

~

A =Ae +Ae +Ae,
= Ae, +4.e, + Ae,
n =ne +ne +ne,

A

= ne, +n,e, + n,e,

VECTORS&TENSORS 12
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SUMMATION CONVENTION

Omit the summation sign and understand that a
repeated index Is to be summed over its range:

A = Ae +Ae,+Age,

3
= ZAiéi = Ae. (summation convention)

A‘B:<Aiéi>'(Bjéj) N 0,1f i =
:AiBj(éi'éj) 5 E(ei.ej):lla if 1=
—AB6. = AB

17 j oy 171
J. N. Reddy VECTORS&TENSORS 13
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SUMMATION CONVENTION (continued)

Vector product
AxB = ABsinf e ,, [ .
e, e, e,
:<Aiéi>x(Bjéj>:AiBj<éiXéj) AxB=4, A, A,
— ABe,,8, 5 BB Bl
en =30 —J)J — k)(k — i)

A

€. X ej = 5ijkek

€ xXe -e —e e xXe, =

ik

0, if any twoindicesarethesame
1, if 1 = j = k, andthey permute

—1 if 1 = j = k,and they permute
oppositetoanatural order

1n anatural order

J. N. Reddy
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SUMMATION CONVENTION (continued)

Contraction of indices:

The Kronecker delta 6 modifies (or contracts) the

subscripts in the coefficients of an expression in which
It appears:

Ao, =A, ABo, =AB =AB, 606,=0,

ij ik

Correct exp ressions:

F = ABC, G,=H,(2—3AB)+PQF,

Incorrect expressions:

A =BC,, A =B, and F, = ABC,

J. N. Reddy VECTORS&TENSORS 15
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SUMMATION CONVENTION (continued)

One must be careful when substituting a quantity with an
Index into an expression with indices or solving for one
guantity with index in terms of the others with indices in an
equation. For example, consider the equations

p; =abc; and ¢, =degq,

It IS correct to write

a, = b;
b.c,
but it is incorrect to write
_ b
bjCj — ZL
which has a totally different meaning
b.c; e W R, D

ai a’l a’2 a’B
J. N. Reddy VECTORS&TENSORS 16
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SUMMATION CONVENTION (continued)

The permutation symbol and the Kronecker delta prove
to be very useful in establishing vector identities. Since a
vector form of any identity is invariant (i.e., valid in any
coordinate system), it suffices to prove it in one
coordinate system. The following identity is useful:

e-8 Identity: |€4,Eipn = 01 Opy — 0,, 04,

J. N. Reddy VECTORS&TENSORS 17
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EXERCISES ON INDEX NOTATION

Exercise-1: Check which one of the following expressions
are valid:

(@ ab =c(d—f); (b ab =c (d —F)
© a =bc(d—f); @ x.x,=r°

e) a =3 ) 6,0,0,="
Al AZ A3
Exercise-2: Prove A-BxC=¢,ABC,=B B, B,
Cl CZ C3
Exercise-3: Simplify the expression (A x B)-(C x D)

Exercise-4: Simplify the expression A x (B xC)

Exercise-5: Rewrite the expression ¢, . AiBijDnéj

J. N. Reddy In vector form VECTORS&TENSORS 18
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SECOND-ORDER TENSORS

A second-order tensor is one that has two basis vectors standing
next to each other, and they satisfy the same rules as those of a
vector (hence, mathematically, tensors are also called vectors).
A second-order tensor and its transpose can be expressed in
terms of rectangular Cartesian base vectors as

. A A e AN T e AN A A
S =See =5ee; S =§5.ee=35ee,

A second-order tensor is symmetric only if
— QT -
S=8" & S, =8,

Second-order identity tensor has the form

| = 6ijeie ;

J. N. Reddy VECTORS&TENSORS 19
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SECOND-ORDER TENSORS

Wenotethat S-T =T-S (whereS and T are second-order
tensors) because

ST =(S, é¢,)(T, ¢,&)=S7T,6(é,-é,)é=5STee,
T-S =(T, é8,)-(S, €,6,)=T,S,.(é,-¢,)é,=S,Téé

We also note that (where S and T are second-order tensors
and A is a vector)

ST =(S,66,)x (T, 6,8,) = S,T,&,(&,x8&,)6, =S,T,z,,6.6,¢

ij i Jkp 1 p
S-A =(S,6¢,)-(A4,¢,)=5,A¢,(é,-¢,)=S,A8,
SxA=(S;6,6,)x(A,&,)=5,A8 (6 x&,)=SA¢,ee,

J. N. Reddy VECTORS&TENSORS 20
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CAUCHY STRESS TENSOR

Stress tensor is a good example of a second-order tensor.
The two basis vectors represent the direction and the
plane on which they act. The Cauchy stress tensor is
defined by the Cauchy formula (to be established):

t =n-oc =o-n or {=o,n,

t; =€,0.5 +€,093 + €305,

t; X3 N
\ O ol
T Mt = @,0,, + €,0,, + €
A /tz Ot # V2 T ©1912 T Co092 T €303
i ] 4. ':031 ﬁ_,
s éf Y2 ,/'l;'él_s\a%
-— 777 Py 12
t1 /' \\’
x . A A A
1 _ A o t, = e, +€,0, +€30;5
L S j gt T i

J. N. Reddy VECTORS&TENSORS 21
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CAUCHY’S FORMULA

tAa —t,Aa, —t,Aa, —t,Aa, + pAuvf
= pAva

h;terior of
the body

Aan — Aqg,e, — Aa,e, — Aa,e, =0
Aa, =(e,-n)Aa, Aa,=(e, -n)Aa

Aa, = (e, -n)Aa, Av= AThAa,

X

Ah L —€y (3 =—t,
t=t,(&, -n)+t, (&, n)+t,(é, n)+ pT(a—f)

As Ah — 0, we obtain

A A

t=1,(8,-h)+t,(&, A)+t,(6, A)=te, A=0c-h

J. N. Reddy VECTORS&TENSORS 22
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HIGHER-ORDER TENSORS

A n't-order tensor is one that has # basis vectors standing next to
each other, and they satisty the same rules as those of a vector.
A n't-order tensor T can be expressed in terms of rectangular
Cartesian base vectors as

T =7, ,eee,---e;

- J
— 2%

n base vectors

The permutation tensor is a third-order tensor

e=¢,€€¢e,

The elasticity tensor is a fourth-order tensor

C = Ckle €, e

J

J. N. Reddy VECTORS&TENSORS 23
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TRANSFORMATION OF
TENSOR COMPONENTS

A second-order Cartesian tensor S (i.e., tensor with
Cartesian components) may be represented in barred
(x,,x,,x,) and unbarred (x,,x,,x,) Cartesian coordinate
systems as

The unit base vectors in the unbarred and barred systems
are related by

A
A —_—

€; :Eijei

A

Thus the components of a second-order tensor transform
according to

S.= /. /.s

1j im’™~ jn~mn

J. N. Reddy VECTORS&TENSORS 24




"“THE DEL'OPERATOR AND TTS ™
PROPERTIES IN RECTANGULAR
CARTESIAN SYSTEM

“Del” operator: vzéii:é Y +é, Y +é3ﬂ

ox, : 6—361 ox, ox,

l

“Laplace” operator:

vz Evv: 82 82 62 62

= 1 T
Ox.0x, Ox. Ox; Ox;

“Gradient” operation:

VF =e, ﬁ, where F'isascalarfunction

o0x.

l

Grad F defines both the direction and magnitude of the
maximum rate of increase of F at any point.

J. N. Reddy VECTORS&TENSORS 25



"“THE DEL'OPERATOR AND TI'S ™
PROPERTIES IN RECTANGULAR

CARTESIAN SYSTEM
. OF A. :
VEF = na—, where nisaunit vector normal
n
to the surface F' = constant
R F .
We also have n = % and a—:n-VF
VF on
“Divergence” operation:
V.-G= éii -(é.G.) = aGi, where Gisavectorfunction
ox,| 77 Ox,
The divergence of a vector function represents the volume
density of the outward of the vector field.

J. N. Reddy VECTORS&TENSORS 26
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"“THE DEL'OPERATOR AND TTS ™
PROPERTIES IN RECTANGULAR
CARTESIAN SYSTEM

“Curl” operation:

. 0
€

] oG, .
x(ejGj):eijka—x’ek,

VxG=

0x.

l l

where (Gisavectorfunction.

The curl of a vector function represents its rotation. If
the vector field is the velocity of a fluid, curl of the
velocity represents the rotation of the fluid at the point.

J. N. Reddy VECTORS&TENSORS 27
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CYLINDRICAL COORDINATE SYSTEM

(A ) . 101 A < é
e, cosf smf O0O|e,
1€,1 =|—sinf cosf 0fe
€, 0 0 1jle,
e | |cosf —sinfé O)|e,
i€, =|smnf cosf 0)ie,; ] P
e. 0 0 1)le.
' ' e . Oe, A
L A A A p— e@’  ——— —er
A=Ae +Ae,+Ae, o0 o0

“Del” operator in cylindrical coordinates

v=e L 11s L6 9

r 0 z
J. N. Reddy 8r r 89 az VECTORS&TENSORS 28
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CYLINDRICAL COORDINATE SYSTEM

4 )

1[0(rA) 0OA OA Here A Is a vector:
V.A —— r _I_ (o _I_r z X ) )
r| oOr 00 0z A=Ae +Ae,+Ae,
119 ( o 1 57 5? Verify these relations to
Vi=—|l=|r—= |+ o5zt yourself
rior{ or) r o6 0z g
U A [1 0A, 8A9]ér+[8Ar _8Az]é0+l 8(rAQ)_aAr]éz
r 06 0z 0z or r| or 00
VA=ee + hes, 2|0 fo6 + Hiee + e
or 8rr9 g )T gr T F 7z
11 1 %ee, 11006 19 s  9p g
y r 89 0~z 82 z 0 82 z -z

r
J. N. Reddy VECTORS&TENSORS 29
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SPHERICAL COORDINATE SYSTEM

e, sin ¢ cosf
1€, =|cos¢cost
e, | —sInd
e | |sin¢cosd
1€, =[sin¢sind
e, cos ¢

sin ¢ sin 6
cos ¢ sinf

cosb

cosgcosb
cos¢siné

—sinag

cos ¢

—sino|;

0

o>

—sinf|

cosf |4

0

A=A, +Ae, +Age,

“Del” operator
0 1. 0

1

!m)

o>
oy

r
D>
>

>

D>

A

V=e

J. N. Reddy

— T+ —¢€ + e,—
"OR R “0¢ Rsing '00 |,

2t .
R =Re, €
R=[R|=r"+2*
rr=x"+y
Line parallel e
to 60 /\//./_/'9 S~ - \\Tx. . :y
7 Line parallel
X )
toe,
oe . oe - P
t=e,, £ —gsinge,
0¢ 00
oe, . oe, R
— =—€,, — =C0s¢pe,
O 00
oe . R
- =—singe, —cospe,

VECTORS&TENSORS 30
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SPHERICAL COORDINATE SYSTEM

Vzi‘ﬂ[fezi]Jr ,1 a[singbaJJr L az]

R?|OR OR) sin¢ 0¢ 0¢| sin’ ¢ 06°
0(A  si
V.AZZAR_|_8AR_|_ 1 ( ¢Sln(/5)+ 1 04,
R OR Rsing [0 Rsing 00
oua__ L |oGinea) oA 1 04, 10(RA)|,  1[0(RA) 04|,
" Rsing| ¢ 0 Rsing 09 R OR | ° R| R 8¢
0A, . . 0A, , . 1(0A A 0A, . . 1 0A,
VA:a—};eRe}ﬁ— 8R¢ e,e, —[ 8¢R —A¢]e¢eR+ 5’R€ e.e, + Rsmqb[ —A smgb]e e,
1 8A s o o LOA L. 1 [0A,
—|A, o —A
+R[ 86 % "R 8 °° +Rsmgb[ 0€059 |56
1 :
+Rsin¢[A351n¢+A¢cos<b—|- ]

J. N. Reddy VECTORS&TENSORS 31
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EXERCISES ON VECTOR CALCULUS

Establish the following identities (using rectangular
Cartesian components and index notation):

1. V() :£

V@) =nr"r
Vx(VF)=0
vV (VFxVG) =0

> W N

5. Vx(VxA)=V(V-A)—V°A
6. V. (AxB)=VxA-B-VxB-A

/. AX(VxA)=3sV(A-A)—A-VA

J. N. Reddy VECTORS&TENSORS 32
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Exercise: Check appropriate box

f —scalar; F — vector
Quantityl[] [] Vector! Scalar[] Nonsensel

V x (V)

V- (VxF)

V- (Vxf)

V x(V xF)

V(V-F)

Vx(Vx{f)

J. N. Reddy VECTORS&TENSORS 33
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INTEGRAL THEOREMS

involving the del operator

f ] Vo dS) = SEP no ds (Gradient theorem)
fQ V-AdS) = f/); n-Ads (Divergence theorem)

fQ VxAdQ = 95; n x A ds (Curl theorem)

n=n1i+n,)

=n.e,+n,e,

= n, e, +n,e,

VECTORS&TENSORS 34
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EXERCISES ON INTEGRAL IDENTITIES

Establish the following identities using the integral
theorems:

1. Volume:%ﬁV(rz)-ﬁdF:%ggrr-ﬁ dI

vaqbdsz: 99 4r

ron

3. ﬂz(¢v2¢+v¢-w)d929§¢a—w

4. f (V2 — V26 dO) 515 0 _ 599 \ar

on on

.

¢5

5. f OV — V2pVA)dQ = 5/5[ —(vzw) vw
J. N. Reddy VECTORS&TENSORS 35
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