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XACT AND APPROXIMATE SOLUTIONS

An exact solution satisfies (a) the differential equation at
every point of the domain and (b) boundary conditions on
the boundary. An approximate solution satisfies the
differential equation as well as the specified boundary
conditions in some “acceptable sense” (to be made clearer
shortly). We seek the approximate solution as a linear
combination of unknown parameters c¢; and known
functions ¢ and ¢

(%) A~ 1y (6) = 2206, (x) + 6, ()

Approximate solution

. Approximation of the actual
Actual solution | Solution over the entire domain

JN Reddy Basic Concepts: 2
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DETERMINING APPROXIMATE SOLUTIONS
(CONTINUED)

1. Suppose that @ is selected to satisfy the boundary conditions
exactly. Then substitution of u,(x) into the differential
equation

I PN

dx dx

will result in a non-zero function on the left side of the
equality'

a(x) ]—I—c(x)uN —f(x)=0

CZLLN

a,(x) +c(x)upy —f(x)=R(x)=0

Then c, are determined such that the residual, R(x), is zero
In some sense.

JN Reddy Basic Concepts: 3
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* METHODS OF APPROXIMATION

1. One sense in which the residual, R(x), can be made zero
is to require it to be zero at selected number of points.
The number of points should be equal to the number of
unknowns in the approximate solution

’U,(ZIZ) ~ Uy = chgbj(a:) + ¢0($)

¢,(x) and ¢y (z) are functions to be selected to satisty the
specified boundary conditions and c; are parameters to be

determined such that the residual 1s made zero 1n
some sense.

This way of determining c; is known as the Collocation method.
We obtain N algebraic equations in N unknown C’s

R(x)=0, i=12-N

JN Reddy Basic Concepts: 4
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* METHODS OF APPROXIMATION
(CONTINUED)

2. Another approach in which the residual, R(x), can be
made zero is in a least-squares sense; i.e., minimize the
integral of the square of the residual with respect to C’s.

L
Minimize J(c,,C,,--,Cy) :jRZ dx

or 8_J_ ZJR—dX 0
OC.

This method is known as the least-Squares method. We
obtain N algebraic equations in N unknown C’s

TR@dx 0

. O,

JN Reddy Basic Concepts: 5
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Methods of Approximation

(Continued)

3. Yet, another approach in which the residual, R(x), can be
made zero is in a weighted-residual sense

0= [V Rdx, i=1,2,-N
where U are linearly independent set of functions

This method is known as the Weighted-Residual method. We
obtain N algebraic equations in N unknown C’s. In
general, weight functionsv; are not the same as the
approximation functions ¢;. Various special cases are

Petrov-Galerkin Method: 1, = o,
Galerkin Method: V. = o,

JN Reddy Basic Concepts: 6
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WEIGHTED-INTEGRAL FORMULATIONS

in the Numerical Solution of Differential Eqgs.

The approximation methods discussed earlier can be viewed
as special cases of the weighted-residual methods of
approximation. In particular, we have

e Collocation method i (X) = 6(X—X)
609 =2

e Least-squares method = %5

¢ Petrov-Galerkin method i (X) = ¢ (X)

¢ Galerkin Method i (X) = ¢ (X)

JN Reddy Basic Concepts: 7
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Methods of Approximation

(Continued)

4. Another approach in which the governing equation is cast
in a weak-form and the weight function is taken the same
as the approximation function is known as the Ritz method:

B(gbi,uN) = €(¢1), I = 1,2,...,N

The Ritz method is the most commonly used method for
all commercial software. In this method, ¢, satisfies only
the specified essential (geometric) boundary conditions
while ¢, satisfies the homogeneous form of the specified
essential boundary conditions. The specified natural (force)
boundary condition are included in the weak form.

JN Reddy Introduction: 8
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i AN EXAMPLE

For a weighted-residual method:

@, satisfy the actual specified BCs

o} satisfy the homogeneous form of the actual
specified BCs

For the Ritz method:
@, satisfy the actual specified essential BCs

o} satisty the homogeneous form of the actual
specified essential BCs

d | du
— a —fo=0, O<x<L
dx| dx fo
u(0) = ug, a,% =P
JN Reddy dx =L Introduction: 9
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EXAMPLE (CONTINUED)

For a weighted-residual method:

_ dgy|
®,(0) = u,, adx =P

50 =0, a2 _o

For the Ritz (or weak-form Galerkin) method:

qu(O) — Uy, ¢l(0) =0

JN Reddy Introduction: 10
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* BASIC DRAWBACKS OF CLASSICAL

VARIATIONAL METHODS

The following drawbacks of the classical variational
methods make them impractical:

s Difficulty in constructing the approximation functions
for arbitrary domains, loads, material properties, and
boundary conditions

= Automating the procedure for a class of problems,
independent of the boundary conditions

= Not amenable to general purpose computer programs

These features led to the development of the finite
element method.

JN Reddy Basic Concepts: 11
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i BASIC FEATURES OF THE
FINITE ELEMENT METHOD (FEM)

s Divide whole into parts (finite element mesh)
s Set up the "problem’ over a typical part

(derive a set of relationships between primary and
secondary variables)

= Assemble the parts to obtain the solution to the whole

JN Reddy Basic Concepts: 12
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Finite Element Discretization

Elements

&

Boundary, r

(a) Given domain (b) Finite element mesh

Boundary flux

(c) Typical element with (d) Discretized domain
boundary fluxes

JN Reddy Basic Concepts: 13
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Some Examples of Real-World
Finite Element Discretizations

JN Reddy Introduction: 14
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FEM Terminology

n Element A geometric sub-domain of the region being
simulated, with the property that it allows a unique (1)
representation of its geometry and (2) derivation of the
approximation (interpolation) functions.

s Node A geometric location in the element which plays a
role in the derivation of the interpolation functions and it
is the point at which solution is sought.

s Mesh A collection of elements (or nodes) that replaces
the actual domain.

» Weak Form An integral statement equivalent to the
governing equations and natural boundary conditions.
More to come.

JN Reddy Basic Concepts: 15
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FEM Terminology (continued)

® Finite Element Model A set of algebraic equations
relating the nodal values of the primary variables (e.g.,
displacements) to the nodal values of the secondary
variables (e.g., forces) in an element.

m Finite element model is NOT the same as the finite
element method. There is only one finite element
method but there can be more than one finite element
model of a problem (or mathematical model).

» Numerical Simulation Evaluation of the
mathematical model (i.e., solution of the governing
equations) using a numerical method and computer.

JN Reddy Basic Concepts: 16
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Major Steps of Finite Element
Model Development

= Begin with the governing equations of the problem
s Develop its weak form over a typical finite element
» Approximate the solution over each finite element

= Obtain algebraic relations among the quantities of
interest over each finite element (i.e., finite element
model)

JN Reddy Basic Concepts: 17
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Finite Element Model

Development

Engineering Problem
Formulation

1 1

Governing (Differential) Solid
Equations mechanics

Weak Form - Virtual work

Development statements

1 B B
Finite Element Model
Development

JN Reddy Basic Concepts: 18
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FINIE ELEMENT ANALYSIS OF

" 1D Problems Governed by Second-Order Equation

JN Reddy

CONTENTS

 Model differential equation

e Finite element approximation

e Finite element discretization

* Development of weak form and
the definition of primary and
secondary variables (duality)

e Finite element model

e Interpolation functions

e Assembly of elements

 Numerical examples
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iN' “Model Differential Equation
Boundary Conditions and data

Governing equation

—i( (x)@j +c(x)u—f(x)=01n Q=(0,L)

dx dx

Boundary conditions

u=u or a% +b(u—u,) =P at a boundary point
X

Data (i.e., information you need to solve the problem)

L, a(x), c(x), f(x), b, &, u,, P

JN Reddy Basic Concepts: 2
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ment Approximation
eed for Seeking Solution on Sub-intervals)

- Approximation of the actual solution
; - over the entire domain requires
1. - higher-order (or degree) polynomials.

Actual solution may be defined by
plecewise continuous functions

because of discontinuity of the data.
< Three

U(X) segments
%

of the
solution
X F | ’_) X
A—AX fAZ Ag . Material 1 Material 2 Material 3
IN Reddy = Area of cross section pasic Concepts: 3
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FINITE ELEMENT DISCRETIZATION

Approximation over subintervals
(or elements) allows lower-order

approximation of the actual
— X solution

A “free-body-diagram” of typical element
(geometry and ‘forces’)

@ , @, end forces or heats (scalar)

h =z —x = element length

Basic Concepts: 4
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Solution and Residual of
the Approximation

Approximate solution:  u(zr) = u, ()

+c(x)u, —f(x)|= R(x)=0

X

We seek to make R(x) zero in a weighted-residual sense:

o= [ "w. R(x)dx, w, is the weight function from
a a set of weight functions{w, }

du, dx

a(x)

+c(x)u, — f(x)

_f[

JN Reddy Basic Concepts: 5
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Trading of Differentiation between the

weight function and the variable

Product rule of differentiation (an identity) and integration-by-parts

JN Reddy Basic Concepts: 6
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Identification of the
Primary and Secondary Variables

Examine the boundary term(s) obtained during integration-
by-parts:

" du, T Secondary variable
w; -

The expression always contains the weight function w and a
coefficient that depends on the dependent unknown. In this

case the coefficient is a(du,/dx). We will term the coefficient a
secondary variable (a name we choose to give).

The weight function w, in the boundary term when replaced

with the dependent variable u, of the problem is termed the
primary variable.

w, — Primary variable
i
- dx |,

JN Reddy Basic Concepts: 7
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WEAK FORM DEVELOPMENT

OVER AN ELEMENT
du, . .
0= f —— a(x) T +c(x)u, — f(x)|dx  w-weight function
— f C;w Ciluh + cwu, —w.f|dx —|w, - secondary variable
x dx .,
ST NS ——

=[] W0 AUy |y, —wf| dx—w.(x,)Q, — w,(x,)- @,
dx dx |

Final Weak Form

Yo dw du
{O B j:c dx dxh +ew, —wf

a

dx —w/(x,)Q, — wi(xb)-Qb}

JN Reddy Basic Concepts: 8
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Interpretation of the
secondary variables

Axial deformation of a bar
Force Displ. Displ.  Force
dUh — — dUh ]
—a—| = a—L| =
[ dx ]Xa . 1——n, .2 [ dx X, Qb
Axial heat flow
Heat input Temp. Temp. Heat input
du, du,
—a—1| = —h =
[ dx ]xa Qa le—n, -2 [a dx ]Xb Qb

JN Reddy

Basic Concepts: 13



J. N. Reddy MEEN 618 28

Primarv and Secondarv Variables
(Some Remarks)

Primary variables and secondary variables always
appear in pairs. They are like cause’ and "effect’ (i.e.,
one is the result of the other). For example, when u, Is
the temperature, a(du,/dx) is heat (and heat causes
temperature). When u,, is the displacement, a(du,/dx)
IS the force. This duality exists in every engineering
problem.

Essential and Natural Boundary Conditions

Essential Boundary Conditions: Specifying a primary
variable at a boundary point of the domain is called an
essential (or Dirichlet) boundary condition.

Natural Boundary Conditions: Specifying a secondary
variable at a boundary point of the domain is called a
natural (or Neumann) boundary condition.

JN Reddy Basic Concepts: 10
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Linear, Bilinear Forms, and the

Variational Problem

Weak Form

0= [ @B o, o f | 105, ~105)-@
%W dx dx

dx dx

- be a%%+cwiuh} dx—Dxa w.fdx+w,(x,)Q, +wi(xb)-Qb}

=B(w,,u,)-l(w,)

Bilinear Form and Linear Form

B(w;,u,) = J:Cb {a duw, du,

dx dx

+cwiuh} dx, l(w,)= [J‘: w.fdx+w,(x,)Q, +wi(xb).Qb}

Variational Problem: Find « such that
B(w;,u,) =l(w,) holds for all w,

JN Reddy Basic Concepts: 11
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Equivalence Between Minimum of a the

Total Potential Energy and Weak Form

Total potential energy (of uniaxial members):

N=U+W,
Xp du ’ Xy L ee
:%La EA a —|—Cfu,2 d.’X,'— j;a Uf dx‘|—;ulQl
Xp déu du Xp L
Ol = EA +c,buu|dx — duf dx+ ) du’ @
fxa dx dx] / [j; f ; Z QL]

Now let ¢u =w,. Then 0I1 =0 gives the weak form:
0= xblEA

JN Reddy Basic Concepts: 12

dx —

du
dx

N————

+cfwi U

dw. Yo L e
. f w, f dx+;wi(xj)Qj
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Egquivalence Between Minimum of a
Quadratic Functional and Weak Form

Replace w with du

o déu du
O:La _aaa%—céuu—éuf

dx —du(x,)Q, —oul(x,)qQ,

5| déu du

:j;a _a%%—kcéuu dx — fxbaéufdx—l—éu(xa)Qa+5u(xb)Q4
:—5f —|—cu dx — 06 fxaufdx+u(xa)Qa +u(xb)Qb]

— 6[%B(u,u) — l(u)] = 61(u)

or [when B(w,u) is bilinear and symmetric]
I(w) = 1 B(u,u) — l(u) }

"

JN Reddy Basic Concepts: 13




~L " FINITE ELEMENT MODEL "~ *

(is a set of algebraic relations between the primary
and the secondary variables at the nodes)
Finite element approximation u(x)~u;(x)= Zuj.zpj (x)

w; (x)=1; (x)

0= f dw duh+cwiuh dx — fxawifdx+wi(xa)Qa+wi(xb)-Qb‘
b d¢ di;
:;ujfxa R, L+ ey | dx — f U, f dx 4+, (x, )@ + 1, (x) @, ]

ZK;; Ff = [Klu'}={F} _—

Jj=1 Qe . N 5 Qe
1 n

x e di* —

K;}. = J-xb(ae dwz ¢] +Ce¢i6¢;?J dx, —h .

dx dx e
f (x)

B = [ foty dat 9y eDQE + 0, (65 @5 -+ 1, (0 @

x
JN Reddy . Basic Concepts: 14
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roximation (interpolation or shape)

Functions for Zinear Element

u(x) u, (x)=c +c,x 1, (X) = €+,
o Rewrite c;andc, in terms of u; andu,
. f/ . 0, G) =, =y 4, (,) =, =1,
' h, 1° u,(xX,) =u = ¢ +6,x,; u,(x,) =u,=c+cx,

e WX WX, Uyl
1 o2
X, —X K o
— b X—X C
¢1(x)—x . P, (x) = — u(x) = Uy, (X) = ¢ + ¢y
b _2__X\ ------ —/ xb_xa
u.Xx, —uU,X U, — U
1 10 , =170 "27e 4 2 Ty
® .'X:b_xa xb_xa
—» X he
X=X, X=X, L — ¢1(x)u1 + wz(x)uz

Basic Concepts: 15
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Interpolation Properties

of the Approximation Functions

a’?

O,if 1#] .
Y(x,)=0, = f | ] X, =X, X, =X, Interpolation
1, if 1= property

w, (x) =, (x)u, + 1, (x)u, Partition of unity

R R NG B

7’

JN Reddy Basic Concepts: 16
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Derivation of Approximation Functions

(Quadratic Element)

u(x) ~ u, (x) =c, + c,x + cx’

(@)

Derivation using the interpolation
property

P (X) = oy (h=X)(0.5h -X), 14, (0)=1—> oy = hiz

(b

6, (X) = 0y (h—K) (X = 0), 15, (05h) =1 1, = —

h2

u, (X) =4 (X)y, +¢2(X)u + 15 (X)U, )
TS Y3 (X) = 05 (X —0) (0.5 — %), vi5 () =1 —> o = ——

w, (X) // ‘//25)() 5 (X) h

JN Reddy

3 Us

=[1-X)1-2X _X
R

X=X, e X=X, +h %(X)__:(l__j

2X

h

X =X, +0.5h,
Basic Concepts: 17
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Derivation of Approximation Functions
(CubicElement)

— e u() 2 U, (x) = ¢+ X+ e’ + e

h

e w

e

Derivation using the interpolation property

40—zl
9
wl(O):1—>Oél_—2—h3
3x 3x X
=111~
(%) - o7 h

JN Reddy Basic Concepts: 18
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Approximation Functions
in terms of the local coordinates

Relations between various
coordinates

J. N. Reddy

I

w

ANANARANAY

X=X+

[
Iy
[ - @ —

J
m%l‘
+ &
[BEN

37:
E=—

wloc):hi(x;—x), x = ¢ (- )+ 2 1L+ )
. X, <x <X, x+x2+hg

wz(f):h—(x—xf) 2

%(97):1—%, %(97):%, 0<Xx<h,

%(f) — %(1_ f)a ¢2(f) — %(1_'_ f)a _1< f < 1

Introduction: 19

JN Reddy
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NUMERICAL EVALUATION OF COEFFICIENTS
in various coordinates

ef

Ky = [at0 250 e o,

dx

di).
~ [Ma@ LT ¢ (@, @@ | de

dx dx

:f:bf(x)zpi(x) dx + @, :j;hef(f)wi(f) dx + @,
= [T fw ) dx+ @ = [ JdE + @

Introduction: 20
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NUMERICAL EVALUATION OF COEFFICIENTS
for element-wise constant data

For constantdata: a=a,,c=c, [ =1,

Linear element: U, Q —¢ —u,, Q,

e1_ Qo 1 -1 ch, |2 1 . h, [1 Q
w3 s o) el

+czp¢ dx, Ff = f fi. de + Q,

dx ax

JN Reddy Introduction: 21
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NUMERICAL EVALUATION OF COEFFICIENTS
for element-wise constant data

For constantdata: a=a,c=c, =1,

K;.:f" M ¢J+c¢i¢j dx, F;:f”fwi dx + @,
Ya dx dx x,
o 5 he
Quadratic element: u, QI —RS
1 “u,,Q, known
7 -8 1 ] 4 2 1] . 1) " (Q
[Ke]:3ar: -8 16 -8 +C§Oe 2 16 2/, {Fe}: e6‘a<4>+<hg>
e_ 1 -8 7] -1 2 4 | 1] Qs

JN Reddy Basic Concepts: 22
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$ Other (Discrete) Elements

Spring element: s Iy 1 AMAA—2- Uy, I
1 -1 bog
[Ke]:k ) {Fe}:< 1>
‘-1 1 sze,
NP
Torsion element: C=—=20 7 %
S ' L
GJ | 1 -1 T o o
[Ke]: B e‘ ], {Fe}:< 1e> 111’91 712/’_‘92
h, -1 1 \Tz, {* Sl

JN Reddy Introduction: 23



il ““Other (Discrete) Elements =

(continued)
1 Re 2
Electrical element: ke = — —A_MAN\,_-_\_.
K, Ve, It VeI
- R 27 72
, 1 -1 . I°
(K] =k, , A} = 19 R = Electrical
-1 1 12 e .
L2 ] resistance
Pipe 11 lmnt-le—MZ4
ipe flow element: =%, 128Mhe
e 1 -1 . (@] P ¢ P
[K]zke' } Fey=4 1 B ey
—1 1 \QZJ —

JN Reddy Introduction: 24
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Representation of Point Sources

at points other than nodes

fs) ,
1I:—>—/$/Q—>e—>g—>—:oi4 Z-e — ; d
Ly fr= ) fe) e ds

f6) = Fols—s) £ = [ f(s)v(s)ds
L* P = RSG5 (5)ds = (s,

L=F(s)  fi=E(s)
(=] AR /
19 @ o [0 e 4
}?*‘ 3

0
JN Reddy Basic Concepts: 25
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Equivalence Between Minimum of a the

Total Potential Energy and Weak Form

Qo L 2 n . u
° © o ’_>Qn —9

4. =
Q; 4’{ Qr?—l U; ’{

Strain energy-:

U:%Z fveo-ij 8ij dv:%fveaxx 8xx dv:%fveE(gxx)z dU

1,j=1

=t).F

Work done by external forces:

fxb uf dx + iquf
* i=1

a

2

%dx

2
dv=1 ["EA
21;& dx

@
dx

W, =—

JN Reddy

Basic Concepts: 26
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ASSEMBLY OF ELEMENTS

Assembly of elements is based on two requirements:

e Continuity of the primary variables across the
element boundaries.

e Balance of the secondary variables between the
element boundaries.

2 3 2 3
(1) 1 L] n 1‘ ' ﬁ L . m
© ®
u@ = 3

(2) QY+Q" =0 orequal to externally applied source

JN Reddy Basic Concepts: 27
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£l ey

JN Reddy

duy
dx

POST-COMPUTATION OF VARIABLES

MEEN 618 46

oooooooooooooooooooooooo

Y T n
dzx !
dip!?)
Wy <a<a
dzx

------------------------

Basic Concepts: 28
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A DIFFERENTIAL EQUATION

Problem: Wish to determine the numerical solution of the
differential equation

B d’u
dx’

—u=-x°1n0<x<1

1(0)=0, u(l)=0

FE Solution: We have the following correspondence compared
to the model equation:

a=1 c=-1, f=—x°, fie:—fxbxzwi dx

(1) We wish to use a mesh of linear elements to solve the
problem. The equations of a typical element are

1)1 - nf2 1))fu| £ 'Qf‘
h|-1 1 1 2 ug|  |ff Q:

6

JN Reddy Basic Concepts:

29
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Details of the computation of the nodal

source vector due to the distributed source

= [ Feo ) dx = — [ty de == [ (7 +x,) 0,0 dF

) =1 X — x X Ez___ixili“| h o4

¢1(x)— _h_ea %(x)_h_e I:::X-: ---------- |—>§ F I
X=X+Xx,

e __ — 2 — = _ —9 — 2 _ _

= . (X +x,) ¢, (X) dx f (x +2xxa+xa)¢i(x) dx

JN Reddy Introduction: 30
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Details of the computation of the nodal
source vector due to the distributed source

1- X |dx

£ :—Lhe(§2+2§xa+x§)

™ 2w Ll

+ X, +—X
4 3 e g
B 2K R
4 '3 ey

e_|_1
0 he

1
h

e

o x° —2 — 2
=—|—4+x"x, +Xx
3 0

3

h—?)e+hfxa+he x’

_|_

£ :—j;he(fz +2%x, +x2) hz

df — _
3

e

X +2h€3 X +h—jx2]
3 ° 2 °
Note that x, =0 for Element 1, x, = A, for Element 2,
x, = h, + h, for Element 3, andx, = h, + h, + A, for Element 4

e

JN Reddy Introduction: 31
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A DIFFERENTIAL EQUATION (cont.)

(2) We consider a mesh of 4 linear elements (A =0.25).
The element equations are

94
- 97

94
-97

94
-97

94
- 97

JN Reddy

- 97
94

-97
94

-97
94

- 97
94

u'|  (0.00130] [Q
1 0= c T+ <
ul| " 10.00391] |Q
u?]  [0.01432) [Q
5 = >+ <
u’ 0.02232] ' |Q
u®|  [0.04297) [Q
3 (= >+ <
u[ 005599 |Q
ut 0.08724) [(0Q
4 r=— + <
u’ 0.10547[ ' |Q

N WERE W N NDFPEN N PR R
. J . J

N MNP
N J

'

'

4

1 2 3 4 5

L @ 63 @

1(1) — s o Q(l)
1 (1) 2 2

g — o
1 () 2

1(3) —— (3)
1 3) 2 2

(4) —_— (4

T g 2 >

Basic Concepts: 32
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A DIFFERENTIAL EQUATION (cont.)

(3) The boundary conditions on the primary variables are
U,=0, U;=0

The equilibrium conditions are

@ ©

—_— Q(l) Ql(z) — D —— QéZ)

9 g 1 2

€
1

1 2 2 3 3 4
Qé)'I‘Q() O,Q§)+Q() 0, Qé)‘FQ()

JN Reddy Basic Concepts: 33
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(4) The assembled equations are

94 -97 0 0

= 0 -97 188 -97.

0 0 0 -97

LA

o W/Of
0.018229| | Q3+
- 0 U=
0 | 0 -97 188 —97
94 |7 ]

-
"

MEEN 618 52

A DIFFERENTIAL EQUATION (cont.)

0.001302] | Q!

0.065104% 1 Q?
0.143230| Q3
0.105470, 7| Q;

1

1

(5) The condensed equations for the unknown U’s and Q’s are

7.8333 —-4.0417
—4.0417 7.8333
0 —-4.0417

Q] [40417 0 0
Q' | 0 0 —4.0417

JN Reddy

|

0

7.8333

s 0.00130 0.09520
3 —
0.10547 0.26386

U,] [0.01823]
~4.0417 U, t =—10.06510}
U, [0.14323
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A DIFFERENTIAL EQUATION (cont.

Plot of the solution, ©, and u

exact

OOO ||||||||||||||||IIILIIIIIIIIILIIIIIIIIILIIIIIIIII_
; tical ;
0.01 3 } FEM —
N :
= - —
I 002 = —
§ :
= 3 -
=003 3 =
; ; Nonuniform mesh of
-0.04 g =4 linear elements
; — — e — - _Uniform mesh of
0.05 1 B S—— v +— 4 linear elements
(] ) D [) .
00 02 04 06 08 102 9quadraticelements
Coordinate. x

JN Reddy Basic Concepts: 35
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A DIFFERENTIAL EQUATION (cont.

dut & . dv dutt &, dgtt Plot of the derivative
dxh => u dx] = d; Zzujﬂﬁ | |ofth|e soll|1tion| |
j=1 \ Jj= 030 Lt e e e e e e e e e et
Same at the nodes 00 ; ;‘8} FEM
common to elements | 4L o
3 015 7
3 |/
S 010 '
| % g/
£ 005 /
Not the same at the nodes% ' '
common to elements 0.00 ,
0.05 7
010 F
-015 |IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|
00 02 04 06 08 10

Coordinate. x
JN Reddy Basic Concepts: 36



iN' Rﬁdﬁamples of Uniaxially-LoahﬁEgﬁ N
Members

E, A
3 m f | 1 T
P — d du _
% —E(EA%j — O u1?Q1_>T1 2T_>u2’Q2
—L— —L—
GDE
Problem [ J Finite element mesh
Solution: 0
1 -1 0
£ 1 p— —I— Ql P :>u2:£’ le_ﬁuzz_l)
L|-1 1||lu| o 2 EA L
E, A
_ / k
@ p —’AMWV_% kuz —‘_MWV_%
—L— - )

Problem Q2 — p_ ku2 Spring force

JN Reddy Basic Concepts: 37
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UNIAXTALLY-LOADED MEMBERS (cont.)

MEEN 618 56

g
d du
®  pa B4 “ax P )70
P— y GDE )
_
* h ) >le h 0 1 2 3
Problem , P 2¢
< hl >l hZ —»{
Finite element mesh
1 2 2 (FY +F? =P
@ &
h E® E® 1 2+ F® 2 1
ul(l) 1 9 ugl) u:EZ) u;z) < u:fl) o Ul
—h—t b £,
oy oue \ ' — U
Inter-element compatibility 2 3
JN Reddy

Basic Concepts: 38



J. N. Reddy MEEN 618 57

NIAXIALLY-LOADED MEMBERS (cont.

r (77 ( @)
1 1
Tl P 2. 1 2+ _ E1A1 E1A1 + EzAz o EzAz ) UZ ) Fz(l) + Fl(Z) [
< hl >le h2 —»{ hl hl hz hz
O EZAZ EZAZ US FZ(Z)
Finite element mesh - h, h,

Boundary conditions: U, =U, =0 FV+F? =P

Soluti U, =5
olution: 2 EA N E,A,
hl h2
Post-computation: Fl(1> _ E;Z_A1 U, F2<2> _ _%Uz
1 2

JN Reddy Basic Concepts: 39
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A

e

pl 1 plOcm

I — Aluminum (&£,= 70 GPa,
120 cm

JN Reddy

Steel (£, = 200 GPa,
A.=60 mm?)

A,= 600 mm?)

P—=7nDp=10° N

—i(EA du) 0
dx dx
| GDE )

MEEN 618 58

EXERCISE PROBLEMS
FOR DISCUSSION

Problem: Find stresses in each member

Problem set up and FEA

1
g
2

@

Introduction: 40
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Problem: Find stresses in each member

20 1n

——[\ o
30 1n.

JN Reddy

| 30in. | 25in.

° )

el E

—b 1

Rigid member

A,=0.25in.2 F,
G F,=2000 1b

= 6000 1b

T () A,=0.4in2 E=30x106 psi

-~

d

dx

@
dx
GDE

4

J

~

0

MEEN 618 59

EXERCISE PROBLEMS
FOR DISCUSSION (continued)

Problem set up and FEA
1

2 ||

@

@

Introduction: 41
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SUMMARY

Beginning with a model second-order differential
equation that arises, for example, in connection with
axial deformation of bars, 1-D heat transfer in fins of
a heat exchanger, or 1-D flow through pipes and
channels, the following steps are used to in the finite
element analysis of the problem:

1. Divided the domain into subdomains, called finite
elements.

2. Over each element, an integral statement, called weak
form, is developed. The weak form is equivalent to
the differential equation as well as specified natural
boundary conditions on the boundary of the element.

JN Reddy Basic Concepts: 42
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SUMMARY (continued)

3. Using polynomial approximation of the variables, a
system of algebraic equations, called finite element
model, is developed. The model relates the nodal values
of the PVs and the SVs.

4. The element equations are then assembled to eliminate
excessive unknown SVs by requiring continuity of PVs
and balance of SVs at the nodes.

5. The assembled system of equations are then solved for
the unknown PVs at the nodes by using the known
boundary conditions.

6. Post-computation may be used to compute SVs and PVs at
points other than nodes. The SVs are discontinuous

between elements.
JN Reddy Basic Concepts: 43
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FINITE ELEMENT ANALYSIS OF
Euler-Bernoulli and Timoshenko Beams

CONTENTS

Euler-Bernoulli beam theory
» Governing Equations
» Finite element model

» Numerical examples

Timoshenko beam theory
» Governing Equations

» Finite element model

» Shear locking

» Numerical example

JN Reddy
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KINEMATICS OF THE LINEARIZED
EULER-BERNOULLI BEAM THEORY

q(x) Strains, displacements, and
S ) I [ [ f N [ N I rotations are small

Undeformed Beam

Euler-Bernoulli
Beam Theory (EBT)
is based on the
assumptions of

(1) straightness,

(2) inextensibility, and
(3) normality

Deformed Beam

JN Reddy 2
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Kinematics of Deformation in the

Euler-Bernoulli Beam Theory (EBT)

Displacement field (constructed using

—le—b; the hypothesis)

| . dw

N ul(x,z)zu—z—d , U, =0, u;=w()
X

Linear strains

ou, du d*w

: | Ei,. =& = <
| 11 xx 2
o o Ox, dx  dx
11 ——
- dx Ou, Ou, dw dw
Gzz 7/362
A Ggy ax?) axl dx dx
/
< 7
! :y P Constituti lat;i
E s onstitutive relations
" = 0., du d*w
G»_/ - Ow=Fe,=E——-FEz——,
yy ' vz dx dx

Notation for stress components 0., =Gy, =0

JN Reddy
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Euler-Bernoulli Beam Theory
N . Beam
T 909 cross section g
%‘ M( fl )
XSS S ! V'H/
T = \ ciw
A | ‘q<x> """"""""""" - aw
Oz V | | V+AV
T B M +AM
C W - f(x) 'ul /
Ax / wa

Definition of stress resultants

JN Reddy

N = jaxdiM ja 2dA, V=0, dA
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Euler-Bernoulli Beam Theory (Continued)

Equilibrium equations

[dN f=0, d—M—V 0, dV+q—cfw:O}

dx dx dx
jl-dA:A, jz-dAzo, jzz.dAzl
A A A
Stress resultants in terms of deflection
N = ja dA = j dw) 14 —padu
dx dax? dx
2 2
M = ja xz dA = jE——Ezdw dA=-E1 %Y
dx dax? dx
2
v dM: d —EIdw
dx dx dax?

JN Reddy
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Euler-Bernoulli Beam Theory (Continued)

Governing equations in terms of the displacements

—i(EA%j—f:O, O<x<L
dx dx

Bars d’ d*w
y W[Eldx2]+cfw—q:0, O<x<L
7, W Beams
E A . T ) T w
\I= — \ — > | Mo
~ " | L] LD .
X =EETETETETETEFTFE

Axial deformation of a bar Bending of a beam

Axial displacement is uncoupled from

transverse displacement
JN Reday
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Weak Form of the EB Beam Theory

. d d*w
Governing El +cw—q=0, O<x<L
x°

equation dx’

Weak form {v. }—set of weight functions

d2
0= +cw, — dx
f dx ?
o | dv d (.. dw id (. diw "
_ ————|E[—} +cow, —v,q|dx +H[v, El—

%, dx dx dx / ~rdx dx
Implies that the primary variable is w Se (’3/(;1_15;1_1:3_7_;7;;';;1_];&
(displacement) (shear force)

 cm | @ o[ cPu
0= ————|EI +cow —v dx —v(x —u(x
La | B q (x,)Q, —v(x,)@;

JN Reddy
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Weak Form (Continued)

o= [* |Erduldn. dx —0,(5,)Q, — v,(x,)Q.
— cow, —vg|dx —v,(x —v.(x
%, dx’® dax? i
imary ([0 i)yl e
Variable, § T __xl el dx;f’ (Bending
Slope/rotation S ,' \ I Moment)
N
d’v, dzw
0= f e bt c,w, —v,q|dx —v,(x,)Q —v,(x,)Q,
dv. dv.
|25 QR,—|——L| -@,
dx dx
L X, Xy 5%
d d’w d d*w,
Q1 — a El dxzh :—Vh(x ) Q3 = _E El T —Vh(xb)
d*w, d’w,
sz El T ——Mh(xa), Q = |-k T Mh(xb)




J. N. Reddy MEEN 618 70
Beam Element Degrees of Freedom

——————————————————————————————————————————————————————————

______________________________________________________________

A
~ ]

A, =0(x,) ﬁ NI R A, =0(x)
- he — >

______________________________________________________________

______________________________________________________________

______________________________________________________________

. _ __ ____ _________ _ _________ __ _ _ _ __ _____ __ __ _ ___________ _ _ _______________________________1
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FINITE ELEMENT APPROXIMATION:
Some Remarks

» Continuity requirement based
on the weak form, which requires that
the second derivative of w exists and
square-integrable.

» Continuity based on the primary variables,
which requires carrying w and its first
derivative as the nodal variables, requires cubic
approximation w.

> Post-computation of secondary variables
(bending moment and shear force) requires
the third derivative of w to exist.

JN Reddy Beams 10
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FINITE ELEMENT APPROXIMATION

Primary variables (serve as the nodal variables that must be

continuous across elements) - dw
L O0=——2

dx

y Hermite cubic polynomials

w, 0 w X 2 3
xr—x r—x

& » [ —  — e—1—-3 a 2 a

N 2 3 __ 2
w(x, )~=c, +cx, +cx. +ex =A 5= —(z — ) (1 B x;xa>
A e

- 2 3
w(x)~c, +cx+c,x° +cx

y 2 3 _
w(x,) ~c, +cx, +c,x, +cx, =A,

2 3
0(x ) ~—c, —2c,x. —3cx. =A, »5 =3 ( - ) — 2 ( W )
2
b A4

2
o5 = —(r — z4) [(az hj@) oz h:?a

4
{w(x) N Cy+ X+ sz2 + C3x3 = ZAj¢j(x)}

J=1

0(x,) = —c, — 2c,x, —3c,x, =

3

JN Reddy 11



Gbl(x)*/\

slope =0

B, (%)

slope =0

JN Reddy

1 \ @, (%)

he

)

MEEN 618

J. N. Reddy
$ HERMITE CUBIC INTERPOIATION
FUNCTIONS ¢, (x)

slope=1 slope=0
\ N

N n "
|
slope =1
X
slope =0 h,

73
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FINITE ELEMENT MODEL

[w(x) =D A (x) }

ZKe AS—Ff =0 or [K{A°}={F°}

— e e e - e e e
Kf, Ki, Ki3 Ki,7 (A7) (g1 ) 4%

K§1 K262 K2€3 54 AS QS 5
p S Asp =R 2340 S0
K31 K32 K33 K34 A3 ds3 3

e e e e e e
—K41 K42 K43 K44— \A4J \ 44 / \Q4/

|
| |
i wl = Al ‘ ‘wz = Aeg Qf’ q1e ‘ QB q3 i
iﬁl =4, A /\‘ 6, EAZ/\‘Q2 i 7™\ Qs ¢, |
i 1 e 2 02 =A, 1 B R R RRs 2 i
i -« he > «— h —» i
| |
|

JN Reddy e ————
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Finite Element Model (Continued)

For element-wise constant values of E.l. and ¢g. (and ¢; = 0):

-0 —3he —6 —3h.T (6 ) Q1)
2B 1. | —3h 2h?  3h h? Qehe | —he Q2
e] — e e e e el —
KI==5 | 6" s 6 sn | Y052 ) 6 (T
| —3he hg 3he 2hg i . he oy
Postprocessing
d2w 4 ed2¢§
M(x) = —El—— = —EI;AJ- o
dM d [ d*w L de
Vi)=——=—-——|FI— | =—-FI) A;—
() dx d:c( da:2) ; I da?
M(x)z d*w - 285 ()
ox(x,2) = — T = Ez@ Ez;AJ T2
o 14

JN Reddy
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ASSEMBLY OF TWO BEAM ELEMENTS
connected end-to-end

- 6 -3k  —6 —3h 0 0 7 (U
—3h  2h% ____. h he | 00 | |02
2EI | =6 3h | 6+6 3h—3h —6 —3hi| | Us B
“h3 2 2 2 2 1| S > h=1LJ2
p3 | —=3h h% | 3h—3h 2n2+2h* 3h h*|| ) U,
0 0] -6 3h 6 3hil | Us
L0 0 | —3h h2 3 2n2l \Ug )
19N ¢ 0O N
L %
qolL ) 24 Q5 + Q7
_4—8< O >‘|‘ < Q}L+Q%>
12 : Q; +Q7=0, Q+Q3=0
\ L \ 421 / .
Qr, o 49,&‘(15 QG
o7 : 2%, 2 )
oh g T (Q G N
S *2 29 *3

1 2
JN Reddy 1 @ 2 @ 15
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ASIMPLE EXAMPLE -1

AP Exact solution (according

EA, EI to the Euler-Bernoulli
beam theory) pr
w(lL) =
T 3EI
Given problem One element discretization

P [KHAY={g}+1Q)  h =L

EA, El (0 ) ( Ql \
I q% —h Q-
L

{Fe}: 12 <\66\>‘|—< Q?) >

Ul’ U2 U3, U4 \ h/e J\O \ Q4 /

.ye -6 —3h —6 —3h.7
Boundaryv conditions: e e
Y 2B.I, | —3h, 2h2 3h. K2

Ul — Uz =0, Qs =P, Q4 =0 [Ke] ~ h3 —6 3he 6 3he
| _3h. k2 3h, 2h%

JN Reddy 16
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EXAMPLE -1 (continued)

Solution using Cramer’srule |p GEZI
L
12E1 6EI (77
U, p 0 AET 3
ol c_ oy L | (4PEI/L) PL
6EI AEI * |12EI 6EI [12(EI)2/L4] 3EI
T T )WWd o r
6EI A4EI
2
12Llf3Z’I p L L
6kl 0
I2 —(6PEI | ) PI? )
U4 j— == — —_— PL
12EI 6EI| |12(EI)’/L'|  2EI
Tl 2EI
6EI 4EI U,
rr L 4
EA, EI 171 3
) = PL
_______ \' fz’iEI
w
) i3 1=l




ilhRfAMPLE 3: Handling of a vertical

spring
<, W qo\
§HWHHWW)€ X':;g
N
—- L
@ o U, @,
/s Q ANQ =0 => Q) = —kw(L) = —kU,
U =U, =0 y Ui=0
kw(L) = kU,
Alternatively,
1 —1ll«] o
k 11 LE} = |Q:S}, u, =0, u, =U, = @, =kU,

JN Reddy
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SOLUTION TO THE SPRING-SUPPORTED

BEAM
6 3L -6 —3L| Q{/L’u (6] (@
oml| 3L 207 3L I || LR oL|-L| |@,
Fl-6 3L 6 3L||U=w| 12]6]| lef *U
3L 2 3L 21||U, =96, .| |@F"

Boundary conditions
w,=0,0=0Q,=—kU,, Q, =0

Condensed equations for the unknown generalized
nodal displacements

12E1 , 6EI|[ ) 5
IE +k 72 | 3 B qOL
6E1 A4ET 12
72 I _kU4‘ —L

JN Reddy Beams 19



iN' ““HANDLING OF A POINT SOURCES

q¢=jqu
q—j‘q
q—jjq

INSIDE AN ELEMENT

MEEN 618 81

—

(5)ds =F ¢.(s,), i =1,2,3,4

\_
d
d&_fM—ﬂ— i=1234 (
" ds

8:30

S S ’ S 2 S 0 0
o0 =33 23] a0 =—|3] -3 )
F F
for F, placed q, = ?0 f}) g, =2

at s, = 0.5h

JN Reddy
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EXAMPLE - 4: A simply-supported beam

(a) Find the center deflection using one oA
Euler-Bernoulli element in full beam
_ - o . KL — =
6 -3L -6 —3L|[U =1 X
: o [ I g . Lo
2ET|-3L 2’ 3L I’ ||U,=6, _/9{1,@;
-6 3L 6 3L||[u==8) |a| | c=h  h
3L I} 3L 2I*||U,=6,] fe QT S’ P2
FL <r =
Condensed equations 3 1 FL FL2
q2:? q4:L
2EI[2L2 LZHUZ}_E)L { 1} 8
3 _
L\ 2rju) 8 -1 w(x) = Uy (%) + Uy, (x) + Uy (%) + U 65, (x)
F;)LZ FBLZ — 2¢2(x)+U4¢4(x)
* 16EI’ ‘  16EI R’ 2NN EARNE:
T 16EI AR VA Y7
2 3
wosty-BE( L L)__ KL
16EI| 8 8 6AEI

JN Reddy
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EXAMPLE - 4: A simply-supported beam

(b) Find the center deflection using one
Euler-Bernoulli element in half beam

o 0 . o
6 —15L -6 —15L][U~w, @, 0
16EI|—15L 05L 15L 0.25L°||U,=6,| |Q;F
| -6 15L 6 15L||U,=w,| |@f —0-5F F,
3L 02502 15L 051 ||U;=06,] (@,
Condensed equations T % %
L
517 1. U 0
161;71 0.5I? 1.5L|[U, _05E, F
L’ |15L 6 ||U, -1 (1}
2
FL’ 4 15L FJI
— — ’ 1 2
* 32EI3* 1 16EI 7 — 0 7o
R’ 4 05I) FE Lo o
ST EI32 1 48EI Q,=0 @ =-05EF

JN Reddy
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EXERCISE PROBLEM

Problem: Use the minimum number of

EBT elements to find the compression in

the spring, reactions at the fixed support,
Fy /% and spring force.

— —Rigid loading frame

| 1 Linear elastic
ki é\spring,

%

JN Reddy Beams 23
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TIMOSHENKO BEAM THEORY
and its Finite Element Model

» Governing Equations
» Finite element model
» Shear locking

» Numerical example

JN Reddy Beams 24
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Deformed Beams

JN Reddy

MEEN 618 86

Kinematics of Timoshenko Beam Theory

Undeformed Beam

Euler-Bernoulli
Beam Theory (EBT)
Straightness,
inextensibility, and
normality

Timoshenko Beam
Theory (TBT)
Straightness and
inextensibility

25
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Timoshenko Beam Theory

Kinematic Relations

z
u, (x,2) = u(x) +z¢,(x), 4 _‘_ y
u,=0, uy(x,2)=uw(x)
ou, du _d¢ PO Lt
= — 0 — —|— 2 X ,
S Ox, dx dx o Z* """"
Ou, Ou, dw
T Ox, 0x, 2 dx
Constitutive Equations
Oyx = ngx =y %‘i‘qu%
dx dx
JN Reddy d.’XI 26
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Timoshenko Beam Theory (Continued)

Equilibrium Equationsd—N +f=0, Ed_V —q+cw = (% [— ] +V = O}
dx dx dx

Beam Constitutive Equations

du
N = da— [ B|% 1 dA=EA—"
fg f dx dx
szaxxz dA:fE au 40 sz:EI@
dx dx dx
A A
dw
V_KS[on dA=GK, ¢+—Jf dA = GAK, [¢ dx]

Governing Equations in terms of the displacements

d d
[—EGAK ¢+d—L;J+cfw:q} (1)
do dw|
[ dx[EIdx]JrGAK [¢+%]_0} @)

JN Reddy 27
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WEAK FORMS OF TBT

Weak Form of Eq. (1)

Xp d dw
O:La Ul(deAKS[Qb—l—dx —I—CfLUQ}dx
_ [ <%GAKS ¢+d—w +cuw — v qrdx—|v, - GAK, gb+d—w
o | du, | dw )|
=), d—xl_GAKS ¢+E _+cfvlw—vlqd>dx
d d
— 0, (x,) _GAK3[¢+d—L; v (%) - |GAK, ¢+d_b;)
Xy dv dw
B x {GAKSd—xl ¢ % +Cfvlw_vlq}dx_vl(xa)'Q1_U1(xb)'Q3

JN Reddy
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Weak Forms of TBT (continued)
Weak Form of Eq. (2)

0— f _e E1d¢ +GAK, [¢+C§—w dx
X
dv, (., do dw )| dol™
= =2\ ET=" |+ GAK “\ldx —|v, - EI ==
f | dx dx " 2| P F dx )| P dx|,
 [dv d dw )| d d
= d; El di +GAKSU2 ¢—|—E -dx—v2(xa)- _EId_i . —U2(xb)[EId—i]x

b

0= f
Total Potential Energy

dg\*  GAK, dw)® ¢
IT(w,g,)= I |: [dxj > (¢+&j +7fwz}dx

_ J'Xxb wq dx + wW(X,)Q; + W(X,)Q; + ¢(X,)Q, + #(X,)Q,

4, [EI d¢] + GAK v, [¢ + d—}

dx —v,(x,) @y —Vy(x,)-Q,

JN Reddy
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FINITE ELEMENT MODELS OF
TIMOSHENKO BEAMS

Finite Element Approximation  ~ ijzpj (x), ¢~ Z Sip; (x)
i i

"1 W) S S

1@ 02 1(2)1 (322

T s M L s [T

oW, g S S 5 [Kzl] [Kzz] {S} {Fz}
1 O O 3 10 O O3

@)
2 2
T e IT I i

Xy . d . Xp .
K :f GAK, dv; 44, + e, |d, K}fzf GAK, ida p;, dx =K'

Y dx dx dx
X - dgp- dSO- X dw
2 _ 2 " 21 _ ke
K2 = f I GAK ;| d, K f GAK, o — - dx

El = j;xb qubi dx +¢i (xa)Ql +¢i (xb)Qg: F? — @ (xa)Qz + @ (xb)Q4

JN Reddy 30
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Shear Locking in Timoshenko Beams

d
(1) Thick beam experiences shear deformation, ¢, =— d_w
X
.. o . dw
(2) Shear deformation is negligible in thin beams, ¢ = _d_
X

2 2
Linear interpolation of both w, ¢.: |w=~ Zw]e.w;f’(x), b, ~ ZSjwj(x)
j=1 j=1

w(x) mw i (x)+wyy(x), (%)~ Sy (%) + Sy (x)

Wl/w2 S /Sz
100 10 02

I‘i he 4’| I‘i he 4’|

Thus, in the thin beam limit it 1s not possible for the element to
realize the requirement
dw
¢, =

JN Reddy dx 31
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SHEAR LOCKING - REMEDY

In the thin beam limit, ¢ should become constant so that it
matches dw/dx. However, if ¢1s a constant then the bending
energy becomes zero. If we can mimic the two states (constant
and linear) in the formulation, we can overcome the problem.
Numerical integration of the coefficients allows us to evaluate
both ¢ and d¢/dx as constants. The terms highlighted should
be evaluated using “reduced integration”.

dx

(1)
Kit= [ [GAK i wj% dx = K2

Kiljl _ f HGAK ¢(1) w(? +Cf¢(1)¢(1)

. dx
22 i dw'@) dw]@) @), ,®
K = [ —= GAK 1);“1);
1) j; i d x d X ‘E S ’(pz w]}
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TIMOSHENKO BEAM ELEMENT
(for constant EI and GA)

MEEN 618 94

Reduced mtegratlon linear element (RIE) Linear approximation of

2E I |-3h, hE,

pgh?

6 —3n, —6 -3h|(w| [q¢] [@
3he h’ezce ) ¢1 — qg »_'_ ) Qz
6 3n, 6 3 ||lw| |¢| |
__3he hezce 3he hezge ] ~¢2 ) C]Z Q4J
E I,
=1546A, ( =15-6A, A = ,
€e e Ce e e G A K hz IU’O

, both w and (b

=12A,

Consistent interelement element (CL) Hermite cubic approximation
of w and dependent quadratic approximation of ¢

6 -3n -6 -3hl(lw] [¢]
2EeIe _3he 2h’ezz)e 3he h’ez@e ¢1 _ q; +
:u’eh’e::J _6 3he 6 3he w2 ; qg
—3h, h’©, 3h, ZhezEe_ b |4,
E I,
> =104+3A,0 =10-6A, A = ,
e e e e e G A K h2 lLLe

JN Reddy
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@

—=1+12A,
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AN EXAMPLE of TBT

Exact solution (according

pF to the E-B beam theory)
EA, EI o i
; , - 3EI
Ul’ Uz L UB’ U4

One element discretization using the RIE element
6 -3n, -6 -3h][w]| |[¢] [@

e

2E,1,|-3h, B 3h ||| |a| |@;
whi| -6 3h, 6 3, ||w| o] |

—3h, h:¢, 3h, hfﬁeuqﬁl q,

EI e
GARR M1

[ v4 )

¢ =15+6A, (,=15-6A, A, =

Boundary conditions:

U =U,=0, =F, Q=0
JN Reddy
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LE (TB T) (continued)

2EI' 6 3LHU3}_{F] Ly Ml FL¢  12AFL(15+6A)

u P 3L ¢I?||U, 0 *2EI(6I’¢—9I%)  6EI(12M)
3 3
When A=—2 _o=y, =220 P8 o) stif)
GAK L 6EI i
3 3
When A =0, then U, =22 WSFTOM) g5, 5y FL
6EI 3E]

A El _20+4wnH® _ (1+u)[H]2 _E[g]z  0.96 [H]2
GAK I} 12I’K, 6K, | L -

JN Reddy
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AN EXAMPLE of TBT

One element discretization using the CIE element

6 3L -6 -3L|[w,] |Q
2EI|-3L 2L’ 3L LO©||¢ Q,
ulF|—6 3L 6 3L ||lw,| |@
—-3L L' 3L 2I’%||¢,| |@Q,
EI
GAKLIL

> =1043A,0 =10-6A, A = , w =1+12A

Condensed equations for the unknown displacements

2EI
pl?

6 3L ||U,| [F L ul?  2F’Y,  uFDY%
3L 2xI7||U, 0 ° 2EI (12L22—9L2) EI(12>—9)

JN Reddy 36
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LE (TB T) (continued)

uFI’Y,  FI?
EI(12>—9) 3EI

When A=0=%=1and py=1 thenU, =

3 3 3
When A=0, U,=— LY FL A+3MA+12M) o 5 FL
EI(12>—-9) 3EI (1+12A) 3ET

A__ Bl _20+vH' (+v)(HY _5[5]2 096 [5]2
- GAK I} 12I'K, 6K, |L L '

JN Reddy
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In this lecture we have covered the following
topics:

e Derived the governing equations of the
Euler-Bernoulli beam theory

* Derived the governing equations of the
Timoshenko beam theory

* Developed Weak forms of EBT and TBT

* Developed Finite element models of EBT
and TBT

* Discussed shear locking in Timoshenko beam
finite element

* Discussed assembly of beam elements

* Discussed examples

JN Reddy 38
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