Finite Element Models for Steady Flows
of Viscous Incompressible Fluids
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Governing Equations of Flows of
Viscous incompressible Fluids

Equations of motion oo, 00, Du,
+ +f=p
Dv ox oy Dt
Vio+f=p— =
Dt oo,, 0o, Du,
+ +f =p
e e . L. Ox Oy Y Dt
Material time derivative
D 0 D 0 % O
=—+Vv:V=> —=—+0,—+0V,—
Dt ot Dt ot ox Oy
Conservation of mass
ov. Ov
V-v=0 = ry— =0
ox oy

Constitutive relations

c=—-Pl+r, T =2uD
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Governing Equations of Flows of
Viscous incompressible Fluids

Kinematics relations

ov, 0
ov, 2D, _ oy, - v,

1
D==|Vv+(VV)' | = D = ,
2[ ] w T o T T oy 0y  ox

Stress-velocity-pressure relations

ov ov
O-xx_ 6vx ’ :Zlu_y_Pag = H avx_|_ :
Ox oy

Boundary conditions
(v,5t,) and (v,,t,)

t, =o,n, +o,n, t,=o,n +o,n,
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Governing Equations in Terms of
Velocities and Pressure (2D)

Differential equations

v, v, ov, | 00, ol
Pl " ax oy ) ax oy

— v —=+Uv, —= Y- —2—f =0
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p —_—
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Boundary conditions ox oy
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Ox oy oy Ox
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WEAK FORMS OF THE EQUATIONS

0= .[w{p(ﬁ(;x +v, %l;? +0, %l;fj_ag;cx _@;);Cy _fx}dxdy W, ~ U,
:é[{pwl(a;tx +U, 881;; +0, aal;fj+ aaL;)Cl o, +aa—1§1c7xy —w,f. xdy—{f’éwltx ds,
O:g_!;w{pﬂ%Jrvx a(;;y vy%]—a;;y —a;;:y —fy}a’xdy w,~0,
:i{pwz(%+0x% v, (Z;f}rag;z yy+aL;2 axy—wzfy}a’xdy—iwztyds,
[l =o.n +o.n, t, =o0.n_+o, n
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Mixed Finite Element Model
for the steady-state case

Uy _vaj J’ Uy:zvijj’ P:Zde)j’

MY 0 0|(v.) [K"*+G(W) K® K®|(v.] [F'
M* 0|v. ++ K* K*“+G(v) K*®[{v t=<F*}
0 0| P K* K? K*||P] |F°

0
0
o, oy, 00, o,
ki =] u(zawl Vi | O OV, i
!

dxdy, G.(v.,v.)=[ pv
ax ax ay 8)}] X y L](Ux Uy) g‘z[p?pz(vx

o,
oy '’

23

O, .
K} = J‘u%ﬁdxdy, K’ = W, ]
s 0y Ox 0x

K~2~2:J‘l/l/ %awj aw w d dy KZl K12 K31 K:LS K32 K23 K33 O
ooa | Ox Ox 8y Oy ’ e e e

= [ fab dxdy + Pty ds, F? = [ 4, dxdy+ pt,y, ds
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Mixed Finite Element Model

(continued)
v, =U, U, =V
Us
Quadratic (u,v); linear P Quadratic (u,v); linear P
| i
U
Linear (u,v); constant P Linear (u,v); constant P
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Penalty Function Method-algebraic

Problem: Find the minimum of the function F(x,y) subject to the
constraint G(z,y) = 0

OF OF
F=_" T Ay —
d . dx + By dy =0

Lagrange multiplier method

FL(xa Y, )\) = F(ZC, y) + )\G(LU, y)

_ OFp, OFry, oFr ..
oOF oG oOF oG
= | — o o o d\
<8:C +)\8:13) dx + <8y —I—)\ay> dy + G(z,y)
OF oG oOF oG
- + )\—&r; =0, oy + A—ay =0, G(z,y)=0
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Penalty Function Method-algebraic (continued)

Penalty function method

Fp(z,y) = F(a,y) + 5[G(z,y) - 0

_ OFp 8Fp
OF oG OF oG
(8:1: +vG(z,y) 333) dx + (0_3/ +vG(x,y) 8y) dy
OF oG OF oG
5, T1G@ )5 =0, oy +vG(z,y) - Iy =0
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6FL 8FL 8FL

OF oG OF oG
OF oG OF oG
_OFp . OFp,
dFp = o dr + 9y dy =0
OF oG OF oG
(5’3} + G (x,y) 8x) T + (5’y +7G(z,y) 8y> Yy
OF 0G OF oG

Approximation of the Lagrange multiplied can be computed
in the penalty method from

4, =76,y |
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Penalty Function Method-algebraic
(An Example)

F(r,y) =22 +y* -8 +y+1, Gx,y)=2r—y=0

[Lagrange Multiplier Method]

4 —84+2X =0, 2y4+1—-A=0, 20 —y=0

x = 0.5, y = 1.0, A=3.0
[Pena]ty Function Method ]

dr — 84 2v(2x —y) = 0, 20+ 1 —~v2x—y)=0

o 8+ 3y 3y -1
T 4467y’ y’y_2+37
Clearly, as v — oo, we have
lim z, =0.5 =z, lim = 1.0 =
y=o0 ) Y—00 & Y
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Penalty Function Method-algebraic

(Example - continued)

Table: A comparison of the penalty solution with the exact for
various values of the penalty parameter .

Y 1.0 10.0 25.0 50.0  100.0 1000.0
Xy 1.1 0.5938 0.5390 0.5197 0.5099 0.5010
Yy 0.4 0.9063 0.9610 0.9803 0.9901 0.9990
G(z~,yy) 1.8 0.2813 0.1169 0.0592 0.0298 0.0030
Ay 1.8 2.8125 2.9221 2.9605 2.9801 2.9980
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PENALTY FINITE ELEMENT

FORMUILATION for the Steady-State Case

Consider the weak forms

JN Reddy

. ]dxdy, t =o_n_+
oy

ty =0,,N, + o,
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Penalty Finite Element Formulation

(continued)
Now suppose that the velocity field satisfies the constraint
9, 00
8vx+ Uy:O :>6(va+ UyEOler@wZ:O
ox 0y 0x oy O0x Oy

Then adding the three weak statements, we obtain

=]

) ow, 31} ow, 37} " L Ov_ +3vy
M(’?x 0z 'u('?y 0y 8 oy Oz |0y Ox

8 0 ov
4 —L + -2 —w, [ d-w f—wf
or Oy 0833 0y 0 ! !

ov ov 81} 8“ ]dxdy ffre(wltx_l_%ty)ds

v—— v, - v —L 4 v
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Penalty Finite Element Formulation
- continued

Thus, the weak form of the problem, subjected to the
constraint 1s

ow, Ou 20 ow, v Ow, Ow,|[Ou dv

—+ —+ + +
Ox Ox 0y Oy 8 Jdy Ox||0y Ox
_wlfx—wﬂij]dxdy—ﬁe(wltx+w2ty)ds
%xdy

ov v 81} Bv
Thus, the variational problem is 0= 61 (v,,0,)

0=

pw, (v, + pw,

tJ

Qe

__|_ v
“or Y Oy E " Or U "0y

subject to the constraint r 420
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Penalty Finite Element Formulation
- continued

Then, the modified weak form with the constraint is

2
0=461,(v,,v,)=206I(v,,v, )+c5f7 dxdy
6’y
f a_w@ 8_w@+ 6101 + 0102 Ou + Qv
" : 0z Bx 2 0y Oy 8 Jdy Ox||0y Ox
—w, [ —w2]2]dxdy—§re (wl t+w, ty)ds
-|-f OV 81} N 81} )y 81) ]
w, |v. v, —+uv —|do
! Sl P v Oy el lar By !
8’(1] a,U an — Penalty
T f g 5 ay dzdy expression
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Penalty Finite Element Formulation
- continued

The weak form of the problem can be separated into the
following two statements:

0 2awlavx+ awla“rf% i ow, 8m+3v £ |ded
= —L —w, f|do
“or a: "oy |0y oc| ' 0x|dc By !
v v,
-9 w t ds+ f pw, |v oz T, L\ dzdy
o
Ow. Ov ow |Ov  Ov dw, [ Qv 32}
O: 2 2_y+ 2 x_I_ Yy _I_ :E_I_ _ dd
f ”ayay M(’?x 0y Or 73y Oz 3y wf e
f t ds+ ST P
w, t ds pw v By v, Y rdy

These statements form the basis of the penalty FE Model.
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Penalty Finite Element Formulation

continued

Alternatively, the pressure (negative of the Lagrange

multiplier) in the governing equations can be
replaced by

Ov, Ov
P — T _I_ Y
! fy[ Or Oy J
We obtain . \
ov, o, ., 81} do Oo 9 N ov  Ov =0
E or % 8y or Oy Ox \89[; Oy v
|
81} %, ., 37} 80@ Bayy o N v, N % P
" Or % By Ox Oy Oy \833 8y} Y

The weak forms of these equations are precisely the same

as those on the previous slide.
JN Reddy
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Penalty Finite Element Model
Uy =ivxj1|)j(x,y), Uy:ivyjl\)j(xay)

Substitution into the weak forms (adding inertia terms) yields
the equations

M* 0 |[v.] [K'+G(v) K v.| [F
0 M?Z||v, K2 K?+Gv)||v,| |F?

.0 0
Ko = [ 2220, 06 O, ddy+j a¢ U dxdy
! ox Ox 8y Oy ox

Qe

B, O, o, O,
K7’ = L dxdy + L dxdy, K=K+
! '[,u oy Ox ) -[7 ox 0y Y Y 7

oY, 0
K2 - j A P AT [ W‘M Y dxdy
’ ox ox ay oy S Oy Oy

jfzp dxdy+§9t¢ ds, F2 = jfw dxdy+§9t¢ ds
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JN Reddy

Elements Used for Penalty FE Model

e Nodes with v, and v,
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Computational Aspects of the Penalty FEM

General form of the Penalty FEM:
(u[K] + p[KZ] +~[K7]) {A} = {F}
Element ‘locking’:
limy — 0 (K] + p[K°] ++[K°]) {A} = {F} — 7[K°{A} = {F}
Choice of the penalty parameter:
v =10%u to v = 1012y,

Reduced integration of the penalty terms
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Numerical Examples

Viscous fluid squeezed between parallel plates

Quadratic elemehinear element

v Computational
0.Y domain y \Uy =V, v, =0
IR oo Iyl
I A ® o1 |
\\ 1 1
b —  u=0[ 1 [\ 1] fe=0
X L --'d)--- :l_ ]
) TN YT 1 =0
2a ty_ I I oo y
: o — T
NN, I I T L N
| | | | |
x
Vo
(@) v,=0,t,=0" (b)
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Viscous fluid squeezed between parallel
plates: Velocity field

O
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Viscous fluid squeezed between
parallel plates: Pressure field

8T
10 FEM (P 3 FEM
9 solution 7 E solution
LT 5 /
] SO
% ° g 4
25 2
Analytical é) 3_:
43 solution (y = 2) - |
2 Analytical
3 5 solution (y = 0)
2 13
1 0~
O I||||IIIIIIIIIIIIIIIIIIIIIIIIII -1_||||||||||||||||||||||||I||||I
0 1 2 3 4 5 ¢ O 1 2 3 4 5 6
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LID-DRIVEN CAVITY FLOW

Viscous Incompyr. Flows: 25
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JN Reddy

Distance along vertical centerline, y

LID-DRIVEN CAVITY FLOW

1.0

0.0

B Linear element (8x8 mesh)
O Quadratic element (4x4 mesh)

® | inear element (8x8 mesh)
O Quadratic element (4x4 mesh)

Circles denote penalty parameter of 10"8
Squares denote penalty parameter of 10"2

-0.2 0.0 0.2 0.4 0.6 0.8 1.0
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Wall-driven cavity flow — velocity profiles

> X

Penalty FEM

Distance, Y
o
@)
1 I 1

¢ 8X8 mesh
® 16X20 mesh
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-04 02 00 02 04 0o 08 10
Horizontal velocity. V«(0.5,)
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JN Reddy

Wall-Driven Cavity results (continued)

Distance, Y
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N
§
\R

-0.3-0.2-0.10.00.1020.30405060.70.809 1.0
Horizontal velocity. v,(0.5,y)
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Streamlines
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SUMMARY

The following topics were covered in this lecture:

o Governing equations of flows of incompressible fluids
* Mixed (velocity-pressure) finite element model
* Penalty function method - algebraic problem

e Penalty finite element model of viscous incompressible
fluids

e Numerical results
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