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THE PRINCIPLE OF VIRTUAL DISPLACEMENTS

The Principle SW = 6W, +6W, =0

ozjgozaedg—[jgf.sudmjr f:-ﬁudl‘}

Application to 3D Linear Elasticity

:—j-[ 5u Stou;, }dQ U féudQ+j téudl“}

—j ]”+f)5ud£2 j tuds+jan6udl“
0

=—[ (0, +fpwdQ+ [ (o0, ~E)oudr+[ o, % dr

Vo+rf=0inQ; n-o-t=0 onT_
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THE PRINCIPLE OF VIRTUAL DISPLACEMENTS

Application to Timoshenko Beams

Displacement field and the von Karman nonlinear strains

u (x,2) =u(x)+2¢.(x), u, =0, u, = w(x)

du dw d dw
a2 =t (Ej ‘2 dféc,stz(x)=¢x+%

Principle of virtual displacements

L L
0= ” 0116511+0136513)dAdx—Df-6u dx+jq-5wdx}
0A 0 0
L
(d(Su_'_dw dow | , 99, j+013(5¢ +d(5_wj dAdx—j(f6u+q6w)dx
v dx dx dx dx dx g

‘ d6u dw déw déo,
ﬂ dx dx dxj +M +Q(¢

—

déwj (fou+ q6w)}dx

where N = IA011dA’ M = jA2011dAa Q= jAU13dA
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THE PRINCIPLE OF VIRTUAL DISPLACEMENTS

Simplifying, we obtain

déu dw déw dé

0= {N—+(N—+Q +M ¢x+Q5q§x—(f6u+q6w)}dx

dx dx dx dx

{-(%Jﬂ‘jéu—{% N%+Qj+q}6w+(—%+ﬁ)j6¢x}dx

L

+{N6u+(Nd—w+Qj6w+M6gbx}
dx

0

Using the fundamental lemma, we obtain

dN d dw dM
—— =0, —— | N—/—+4+Q |-9g=0,—+Q =0
dx / dx( dx Q) 1 dx ¢
Specify

N or u; N(fi—w+Q or w; M or ¢,
X
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THE UNIT DUMMY DISPLIACEMENT METHOD

The principle of virtual displacements can also be used, in addition to
deriving equations of equilibrium, to directly determine reaction forces
and displacements in structural problems. If F, is the force at point O
in a structure, we can prescribe a virtual displacement éfu, = e, at the
point and assume that the virtual displacements at all other points are
zero. Then

F, 6u, = Lzo :6e°dQ = F, = _[Qaijésgdﬂ

This is known as the unit dummy displacement method.

Trusses

N
Py=> ALV, o =EgeY (nosum on i)
=1

where 8¢ is the strain in ith member due to unit displacement at
point where P, is applied.
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THE UNIT DUMMY DISPLIACEMENT METHOD

Example (1a) )P |>o-® o
O == v
I ® Ao
Q-0

o=Ee | @
(a) (b) (©)

Determine the horizontal and vertical deflections at point O using the
unit dummy displacement method. Assume linear elastic behavior.

0-6u+P -6v=LAYcV6D + L A®5® 5
1 u 1
6(1):— a+u2+vz—a = —, 6(2):— CZ+LL2+ a—v2—\/§a =
~(Va+w )<= <= (Ve u +@-vf -2a)

2a
u—u

= EZ c? = F sV = 6_u 6 = ou = ov
a’ 2a a’ 2a

O0-u+P-bv= aAa(1)6—u+ \/§arAa(2)M = A(O'(l) +La(2)j(5u +A( 1 0(2)j6

a 2a \/§ \/5

[u La | 0—52(1+2J_)J
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THE UNIT DUMMY DISPLIACEMENT METHOD

Example (1b) " D
0
@ ° == o
K\/g, 520, a @,/’zuo
o= | @ ?
—KA—¢, <0

(a) (b) (©)
Determine the horizontal and vertical deflections at point O using the
unit dummy displacement method. Assume nonlinear elastic behavior.

0-6u+P -sv=LAYD5® + L, AP 5@

<1>_K/ OB (U u) LY L@ BTV s 08 o 0U—0U
) ?

)

a 2a a 2a

O-6u+P-5v:aAa(l)(S—u+\/§aAa(2)M:A(a”)+1 <2>)5u+A( <2>)5u
a 2a V2

P’a 5P%a
U= A2K2 , U= A2K2
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THE UNIT DUMMY DISPLIACEMENT METHOD

Beams

First we must write the axial displacement u(x) and transverse deflection
w(X) in terms of suitable quantities called the generalized coordinates:

u(x) = Zuw(x) w(x) = ZA ; (%)

These expansions are typlcally constructed usmg the exact solutions to the
respective governing equations. Then we apply the unit dummy-
displacement method to determine the required generalized displacements
in terms of the applied loads.

Z(F+f Su, +Z (Q +q;)0

_1 ZZUEACM dwjdx]uéu +ZZ(IEI %Cfl%dx]AéA

=1 j=1 =1 j=1

where the horizontal and transverse distributed loads are converted into
point loads using

f,= _[f(x)wi(x) dx, q. = _[q(x)gai(x) dx
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THE UNIT DUMMY DISPLACEMENT METHOD
Thuswehave [K, {u}={F+£), [K,}{A}-{Q+a}

The method, for continuous systems, is close the finite element method.
Example 2

Problem: Determine the displacement u of
point O of the spring supported bar. Assume L——
linearly elastic behavior. o

Solution: The displacement u is expanded as (solution to d*u / dx* =0)

% EA P

— &

O

AN

du u,-u,

u(x) = u(0) (1 — %) + u(L)% = u 1, (x) + w1, (x); e=—=

dx L
Then K, |{u} ={F + £} becomes (f =0)

FA R P e B A P

Then the displacementatx=Lis w,=u(L)=
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THE UNIT DUMMY DISPLIACEMENT METHOD

Example 3 o K
Problem: Determine the transverse displacement 0
w of point O of the spring supported beam. Assume [ xL X

linearly elastic behavior and use the Euler-Bernoulli

beam theory.
Solution: The displacement w is expanded as (solution to d*w / dx* = 0)

w(x) = QOI(.'XJ)Al + sz(x)Az + Q03(.’)C)A3 + 904(x)A4 = ngi(x)Aﬂ

where (A ,A,) denote the values of w at x=0 and x=L, respectively,
(A,,A,) are the values of the rotation (—dw/dx) at x=0 and x=L,
respectively, and

¢l(x)=1—3(%j +2(%j ] gpz(x):—a{l—2(%j+(%j }

sog(x){%j (3—2%j, ¢4(x)=x%(1—%j
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THE UNIT DUMMY DISPLIACEMENT METHOD

Then K ]{A}={Q}becomes (¢=0)

"6 -3L -6 -3L](A) (@)
QEI|-3L 2L 3L L’ ||A, Q,
Tl -6 3. 6 3Ll|lal e

3L 1 3L 212 ||a,] @

Using the boundary conditions
A =A,=0,and Q,=-kA,+F,, Q, =0

(12E1 T h 6EI |
L3 L2 A3 E) 21_;2)1‘13 SE)Lz
= j— AS = 3 A4 = — 3
6Lkl AET || A, 0 6El + kL 6Kl + kL
R L |
F:)L?’ E)LZ
When k=0, we have A; = =

3T 3R’ ' 2EI
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CASTIGLIANO’S THEOREM 1

The principle of the minimum total potential energy
Il =6U + 6V, =0 = 6U = -0V,

Castigliano’s Theorem I

oU = a—U-5ui and 6V, = WV -ou; =-F, - 6u,
Jdu, Jdu,
Hence,we have a—U—Fi o, =0 = a—U=Fi
Ju, Jdu,

It is understood that the strain energy is a function of displacement
parameters in order to apply Castigliano’s Theorem I. The unit dummy
displacement method and Castigliano’s Theorem | are equivalent.
Hence, the examples presented for trusses, bars, and beams are also

valid here.
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CASTIGLIANO’S THEOREM 1

Example 4(a)

P
Problem: Determine the displacements T D O |>°‘-~- DLU
u and v of point O. Assume linearly a )

elastic behavior. | @
Solution: The strains are (@) (b)
u u—uv
B A
a 2a

The strain energy is given by

2 9 B 9
U(u,v):%ZAiLiEi(gu)f:E a(%) +\/§a(u2avj}
=1

O:a—U:EA£3+\/§u_U], p=Y :EA(O—\/EU_UJ

u a 2 2a ov 2a
Pa Pa
= = (1+22)——
“=ga U= \/_)EA

Prob (4b): Solve the problem for nonlinear elastic case [see Example
1(b)]1.
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CASTIGLIANO’S THEOREM 1

Example 5 A na P

Problem: Determine the displacement 3
u of point O of the spring supported bar. . .
Assume linearly elastic behavior.

Solution: The strain in the bar can be expressed as (an approximation)

u, —u, U
U, =u,, Uy =U,;, €= =
oo L L
The strain energy is given by
EAL(u,\ F 2
2 2 (LjJrz(uL)

Applying the Castigliano’s Theorem I, we obtain

a—U:P = ﬂuL+kuL:P or | u; = FL
du; L RL+AE
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PRINCIPLE OF VIRTUAL FORCES

The principle of complementary virtual work (or virtual forces) states
that the strains and displacements in a deformable body are compatible
and consistent with the constraints if and only if the total
complementary virtual work is zero:

W, +6W, =0
where .
SW, = jg () : 66 dQ = jg e,;60, dQ,
Wy =6V, =~| u-6£dQ—[ 0-6tds

Unit Dummy Load Method Assuming virtual force §F, ata
point and zero virtual forces elsewhere, we can write

u,6F, = | &;605dQ
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THE UNIT DUMMY FORCE METHOD

Example (6)
o=Fe

(@) (b) 5F, = —~[26P

Determine the horizontal and vertical deflections at point O using the
unit force method. Assume linear elastic behavior.

Problem statement

Solution Let us apply vertical and horizontal virtual forces
shown in Fig. (b). Then the virtual forces in the members can be
calculated using equilibrium as shown in Fig. (c). The actual
forces in the members are (to calculate the actual strains)

FO=p F®= —\/§P
Then the unit dummy force method can be expressed as

P 6Q+6P+\/§Aax/§P\/§6P
EA A EA A

U 6Q+v 6P = AVL V60V + APLe? 50 =A
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THE UNIT DUMMY FORCE METHOD

By collecting the coefficients of du and 6v, we obtain

Pa Pa Pa
_ta 142
“TEa U7 EA \/_EA AE( v2)

The Principle of Minimum Complementary Energy
S =§(U"+V,)=0 with II"'=U +V,

where the complementary strain energy is expressed in terms of
stresses/forces. For a 3D elastic body we have

* 1 " .
(o) = ngCijliijakldQ - UQ u. f.dQ + jru uitidl“}
The Euler equations of this functional are

* _l _ . . A _
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CASTIGLIANO’S THEOREM 11

We can write

U = BL(SF V" = alaF —u,6F

oF oF

aL—u 6F =0 or U’ = U,
oF; oF; ‘

This is known as the Castigliano’s Theorem I1.

Thus, we have

Example (7)

Problem statement

Consider the spring-supported beam shown in the figure. Determine

(a) the compression in the linear elastic spring and
(b) the reaction force and the rotation at x = L when the spring is
replaced by a rigid support. Include the energy due to transverse

shear force.
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CASTIGLIANO’S THEOREM 11

Solution zZ, W
The complementary strain % )
oreray RN
. 1 ¢ M? V2 _ -1 vvwvwvvva
U 25 0 [EI + GAKsjdx Linear slzring,k ]‘g@) ;_C—> A
X F _R
where _2 I‘ L for —R,
Mx) =2

+Fx, V(x)=F, +qx, F, =kw(0)

Hence, U*:i "l Y ‘X | dx + 1 IL(FS +q03?)2d97
2K1 70 2 2GAK 7o
Then

S

*

oU 1 (1{gx” ) 1
—w(0) = o7 EI-[ (%QX ' J(x)dx+GAK J (F +q,X )dx

S

_al' FL FL gL
8EI 3EI GAK, 2GAK,
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CASTIGLIANO’S THEOREM 11

We have
w(0) = —[

4 2 3 -1
q,L N q,L 14 RL N RL
S8EI 2GAK, S3EI GAK,

Note that, when £ = ( (cantilevered beam with uniformly distributed
load), we have

4 2 4
w(O):— qOL + qOL :_CIOL 1+ 4 El :
S8EI 2GAK, SEI 2GAK L

When %k — «~ (A beam fixed at the left end roller-supported at the other
end and with uniformly distributed load), the reaction at the support is

U 1 1
:8R EIJ ( ; ij(x)dx-l_GAKj (-R, +q,x)dx

S

3q0 4BI_\(,, B8EI )
ook )\ T Gak 12






