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TYPES OF NONLINEARITIES

“Load” vs. “detlection” (or “cause” vs. “effect” ) is
nonlinear because of

» the source of the nonlinearity is geometry or
description of motion (e.g., structures undergoing
large displacements, strains, or rotations;
convective terms of the Navier-Stokes equations).

» the source of the nonlinearity is in the material
description (e.g., the elastic material parameters
are strain-dependent or temperature dependent;
the viscosity of the fluid is strain-rate dependent).

JN Reddy Nonlinear Problems: (1-D) - 2
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MODEL 1-D PROBLEM
Model Equation
—i[a(fc,u)d—u + b(x,u)d—u-l— c(z,u)u = f(z), 0 <z <L
dx dx dx

where (u_ = du / dz)

a = a(z,u,u_), b=">0bxzuu), c=clz,uu)

Approximate solution: wu(z) =~ u,(z)= Zujwj (x)
j=1

Weak Form
(
| dw. du du
= a—r—2 4 hw —L+cwu —w f|lde— w(z —wi(z)-
4[;‘& \ da;' dx L da«; i h Zf] Z( a)Qa 7,( b) Qb
o dw. du du z,
= a—r—r 4+ bw —L + cwu | de — w.fdr+ w(x +w(z)-
xa \ da’/’ dx ? dx [ h] Lb Zf 2( G)Qa Z( b) Qb

JN Reddy Nonlinear Problems (1-D): 3
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FINITE ELEMENT MODEL

00 = U0, W =g

du,,

+bw; d—+cw uh) dx—[jxa w;fdx+w,(x,)Q, +wi(xb)-Qb]
X Xb

Xp dw duh
dx dx

n Xy, dwl diy . diy. x, . .
=Zujj (a o dx] +b¢id—x]+cwiwj) dx—“xb Yif dx+ 1, (x,) Q) +¢i(xb)Qn]

ZK (wui=F = K'@u)u’=F

e _ b d¢ d??b we e e
Kij_-[x ( e dx dx Celi j]dx

= [ foun e v )@ + ()@

JN Reddy Nonlinear Problems (1-D): 4
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SOLUTION OF NONLINEAR EQUATIONS

Direct Iteration

Lecture Notes on NONLINEAR FEM

Non-Linear Finite Element Model

K°'(u)u® = F° = assembled K(U)U = F

Direct Iteration Method
When the solution U” at r™®

JN Reddy

. .. 1
iteration is known, solve for U™

KUH)U ™ =F
F
KUO)U = F(U)
Y) kwy)
K(Uy >/ Z / :
Ie
U. - Converged
solution
U, - Initial guess
! L solution
U, U,0,U;U, U

Nonlinear Problems (1-D): 5
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SOLUTION OF NONLINEAR EQUATIONS

(continued)

Direct Iteration Method

Solution U” at 7 iteration is known and solve for U"*!

KU)U* =F

Convergence Criterion

NEQ

> (Ui -u)
€= IleEQ : < specified tolerance
Ur—i—l
| X @)

JN Reddy Nonlinear Problems (1-D): 6
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SOLUTION OF NONLINEAR EQUATIONS
Newton Iteration

Objective:
Residual, R(U)=K(U)U —-F =0

Taylor’s series:

r

9’ R
oU”

|OU |
OR[
|OU |
Requiring the residual R™*' to be zero at the r 4 1% iteration, we have
K" (U )éU=—-R" =F —KU")U
The tangent matrix at the element level is
tan QR

(K Z.e.) = L = o

/ ou:  Ou

J J

1 r+1 r\2
R

R(Ur+1> — R(UT) 4 (Ur+1 . Ur)

~RU )+ (U —U") +O(SUY?, sU=U U

n

> Ky — F

p=1

JN Reddy Nonlinear Problems (1-D): 7



i SOLUTION OF NONLINEAR EQUATIONS
Newton-Raphson Iteration (contlnued)

. _I_Z Zp e_

> Kiu —Ff|=
T(U)SU =F —KU)U", U =U" +6U

e tan . 8Rf . 8
(Kij) I [ 0y

J J

p=1

KU)U -F=RU)

)

Ca

) A

U, - Converged
solution

|
a : a U, - Initial guess
2{/5 U, 5 l:Jz solution
? A
|

LIJO \UC: U,

JN Reddy Ul =0 Ul + UO U 9= o U ) + Uo Nonlinear Problems (1-D): 8
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COMPUTATION OF
TANGENT MATRIX COEFFICIENTS

e e e e X d dw we e e
ZKij(uk)uj=Fi, Kij j‘b(a Vi c,; j}dx

dx dx

=j:b f,0; dx+;(x,)Q +v;(x,) Q)

“\OK, .
p=1 J

p=1

(Ke )tan BRe

] J

EXERCISE:
du

Given: a,(x,u) = ag(x) + a,u(x)+a,, —

€

Compute: Tz.j

JN Reddy 2-D Problems: 9
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Computation of

Tangent Matrix Coefflicients

An Example:
d| du
— =71, O0<x <
dx ! dx fo *
u% — Q, u(l) =u
dx | __,
dyf dis
f Zukwk dx dx dx

JN Reddy



JN Reddy - 11 Lecture Notes on NONLINEAR FEM

Computation of
Tangent Matrix Coefflicients

e e 6Klem e e S a
Tj = Kj; + Z e = Kj; + Z

e
= oui " 1 0us’

~ K5+ [ Oty AU

fxbu dy; APy dx

" dx  dx Ui

Zumdwsszx:K§+f bduh d% ¢e dx

x, Qu$ dx (7~ dx r, dx dx
=K+ K;
: : 2 b du dw
where (linearize) K¢ — h i) dx
Y fx dx dx Vi

We have the linearized tangent matrix

dv)f ¢ v, du, diyy
TS = L dx h 270 ¢ d
/ fx " dx  dx fx dx dx w *

—e _ . —e /e 77 d¢e

JN Reddy
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FLOW CHART OF FEM1DUNSYM CODE

) ( ECHO
PREPROCESSOR and
) . MESH1D
> Assembly A_[ ELMATRCSID]
:“ \ N 7 <
|:l'>(
BNDRYUNS1D
PROCESSOR  (—of ]
- AV
¢ SOLVRUNSYM] [INTERPLN]D]
\_ -/ ‘
l L |
[POSTPROCESSOR : Post-processing| , V4
J > I

IN l!eN yddy Computer Implementatiolnzz
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Flow Chart of a PROCESSOR Unit
for Linear Analysis

Initialize global K and F

P

Transfer global information

(material properties, geometry,
and solution) to element

\/

Call ELMATRCS to calculate K™
and F™_ and assemble to form
global K and F

—

Call BNDRYUNSI1D to impose Brint
boundary conditions and call )| olﬁ‘go @
SOLVRUNSYM to solve the equations |

JN Reddy Computer Implementation: 13




GENERAL LOGIC IN A COMPUTER PROGREAM

for Nonlinear Analysis

Logic in the Iter =0

MAIN program ﬁ

Initialize global Ky, f;

f

Transfer globél information
[material properties, geometry and solution)]
to element

¥
\\CALL ELMATRCS to calculate K;™
- and f,(™, and assemble to form
global Ky and F;

Impose boundary conditions

and solve tf}e equations
Print Solution

| Write a
message

Yes

®

JN Reddy
Computer Implementation: 14
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FE PROGRAM FEMI1DUNSYM (Sec. 4.5)

Variables used in the program

NPE - nodes per element, n

ELX(@) - Global coordinate of the ith node of element e, x;

ELK(, j) - Element coefficient, K;;

ELF() - Element coefficient, f°

AX0,AX1 —Coefficients 1n the definition of a(x): a(x) = AX0+ AX1*x

SFL(7) — Element shape (or approximation) funtion, v/

DSFL(7) — Derivative of the ith shape function with respect to

dv),
§

the local (normalized) coordinate & :

GDSFL(7) —Derivative of the ith shape function with respect to x:

_ LAy diddr L dy,
¥, = (2(€)); = i do de I—

dwz L —1 dwz — -1 .
=) z © GDSF(I) = (GJ)  -DSF(I)

JN Reddy Computer Implementation: 15
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FINITE ELEMENT PROGRAM FEM1D-2

Numerical Integration x-= ixj.@bj (€) =i ELX(j)* SFL()),

T dlb ¢ dwj dx
dx d el er1 T

~ dy, 1 dy, 1 dv,
_J[ Y, J de g de J, de ]Jedg

NGP NGP

~ Z F (&)W, = Z F, GAUSPT(I, NGP) * GAUSWT(J,NGP)

1 di. .
EJ@)—(cwg)w 7 dﬁ ;‘3@; d@J

dy, _dedy 1 dwi, dx=Jde or J. =% _05h

dx dx d¢ J, d¢ d¢

GAUSPT (1,j)—IthGauss point, &, ,for the j-point Gauss rule
GAUSWT (1, j) - IthGauss weight, W, for the j-point Gauss rule

JN Reddy Computer Implementation: 16
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FINITE ELEMENT PROGRAM FEM1D-3

The following statement should be inside a do-loop
on number of Gauss points:

0,2 201y, o |

~ Z ﬁ;j (Enr)Wr

=|A-GDSF(I)-GDSF(J)+ B-SF(I)- GDSF(J)
+C-SF(I)- DSF(J)]-CNST
CNST = GJ * GAUSWT(NI)

Define A, B, and C' as given in the problem (you may assume

a general form that i1s useful for a number of problems):
du
a(x,u) =ax0+axl*x +axu*u -+ axdu * d—+
X
JN Reddy Computer Implementation: 17
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SUBROUTINE ELMATRCS1D-1
(see pages 196-198 of the text book)

SUBROUTINE ELMATRCS1D (IEL,NPE,NONLIN,FO0)
IMPLICIT REAL*8(A-H,0-2)
DIMENSION GAUSPT(5,5),GAUSWT(5,5)
COMMON /SHP/ SFL(4),GDSFL(4)
COMMON /STF/ ELK(3,3),ELF(3),ELX(3),AX0,AX1,
BX0,BX1,CX0,CX1,FX0,FX1,FX2
C
DATA GAUSPT/5*0.0D0,—0.57735027D0,0.57735027D0,3*0.0DO0,
1 —0.77459667D0,0.0D0,0.77459667D0,2*0.0D0,~0.86113631DO0,
2 -0.33998104D0,0.33998104D0,0.86113631D0,0.0D0,
3 -0.906180D0,-0.538469D0,0.0D0,0.538469D0,0.906180D0/

DATA GAUSWT /2.0D0,4*0.0D0,2*1.0D0,3*0.0D0,0.55555555D0,
1 0.88888888D0,0.55555555D0,2*0.0D0,0.34785485D0,
2 2%0.65214515D0,0.34785485D0,0.0D0,0.2369227D0,
3 0.478629D0,0.568889D0,0.478629D0,0.236927D0/
C

JN Reddy Nonlinear 1D problems: 18
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SUBROUTINE ELMATRCS1D-2

10

20

JN Reddy

NGP=IEL+1
EL=ELX(IEL+1)-ELX(1)
DO 10 I=1,NPE
ELF(1)=0.0
DO 10 J=1,NPE
IF(NONLIN.GT.1)THEN
TANG(1,3)=0.0
ENDIF

ELK(1,J) = 0.0 vy =GAUSPT (NI, NGP)
DOSONIZLNGP

XI=GAUSS(NI,NGP)

CALL INTERPLN1D (ELX,GJ,IEL,NPE,XI)

)C(Ngg=GJ*WT(NI,NGP) < CNST =J *wy, = GJ * GAUSWT(NI)
U=0.0 n n

DU=0.0 x=> x{yf(¢)=) ELX(i)* SFL(i)
DO 20 I=1,NPE / i1 i1
X=X+SFL(I)*ELX(1)

CONTINUE _ * .
BX=BXO0+BX1*X f(x)= FX0+ FX1*x+ FX2*x*x
CX=CX0+CX1*X a

FX=FX0+FX1*X+FX2*X*X

Nonlinear 1D problems: 19
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SUBROUTINE TO CALCULATE

ELEMENT COEFFICIENTS-3
IF(NONLIN.GT.0)THEN

U:OO - e. . e z . .
DU=0.0 U= ;ui v (&) :; ELUG)*SFL®G)
DO 20 I=1,NPE

U=U+SFL(D*ELU(I) / Define parts of a, b, and ¢

DU=DU+GDSFL(I)*ELU(I) that depend on u and du/dx
20 CONTINUE 7

AX=AX0+AX1*X+AU1*U+AUX1*DU+AU2*U*U+AUX2*DU*DU

BX=BX0+BX1*X+BU1*U+BUX1*DU+BU2*U*U+BUX2*DU*DU

CX=CX0+CX1*X+CU1*U+CUX1*DU+CU2*U*U+CUX2*DU*DU

IF(NONLIN.GT.L)THEN  a(x,u) = AXO+ AX1*x + AUL* 1 + AUX1* %%
AXT1=(AU1+2.0*AU2*U)*DU |9
AXT2=(AUX1+2.0*AUX2*DU)*DU | ap2+(u?)+ AUXQ*E@j
BXT1=(BU1+2.0*BU2*U)*DU x
BXT2=(BUX1+2.0*BUX2*DU)*DU
CXT1=(CU1+2.0*CU2*U)*U
CXT2=(CUX1+2.0*CUX2*DU)*U

ENDIF

ENDIF
JN Reddy
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SUBROUTINE TO CALCULATE
ELEMENT COEFFICIENTS-4

DO 40 1=1,NPE /'f flx ), dx =
ELF(D=ELF(D)+FX*SFL(1)*CNST NGP

DO 40 J=1,NPE [ few©)de=> FX*SFL(i)* CNST
SO00=SFL(1)*SFL(J)*CNST V=
S10=GDSFL(I)*SFL(J)*CNST
S11=GDSFL(I)*GDSFL(J)*CNST
ELK(1,J)=ELK(1,J)+AX*S11+BX*S01+CX*S00
IF(NONLIN.GT.1)THEN

TANG(I,J)=TANG(1,J)+AXT1*S10+AXT2*S11+BXRL*S00

* +BXT2*S01+CXT1*S00+CXT2*S01
ENDIF . oK,
40 CONTINUE  TANGG, =), —*u,
50 CONTINUE . ' u,
Xp d
[ ] ate,w) 28 d‘”wb(x u), ¢f+c<x,u>wiwj}dx

NGP

= > [AX *S11+BX *S01+CX * S00]

NI=1
JN Reddy Nonlinear 1D problems: 20
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SUBROUTINE TO CALCULATE
ELEMENT COEFFICIENTS-5

C
C The residual vector and tangent coefficient matrix are calculated
C

IF(NONLIN.GT.0 .AND. ITYPE.GT.1)THEN
DO 60 1=1,NPE
DO 60 J=1,NPE
60  ELF(I)=ELF()-ELK(I,I)*ELUQ) s _R = F — ZK u.
DO 80 I=1,NPE
DO 80 J=1,NPE
80  ELK(I,J)=ELK(1,J)+TANG(1J) =T, = K, + TANG(, j)
ENDIF
RETURN
END

JN Reddy Nonlinear 1D problems: 22
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MAIN PROGRAM

UPDATING AND SAVING SOLUTIONS
CALL SLVUNSYM(GLK,MXNEQ,MXFBW,NEQ,NHBW)

IF(NONLIN.EQ.0 .OR. NCOUNT.EQ.1)THEN
WRITE(IT,395)F0
WRITE(IT,350)(GLK(I,NBW),I=1,NEQ)
IF(NONLIN.EQ.0)THEN

STOP
ENDIF
ENDIF
C Previous iteration solution is saved and current solution is updated

DO 210 I=1,NEQ

GP2(1)=GP1(l)

IF(ITYPE.LE.1)THEN
GP1(D)=GLK(I,NBW)

ELSE
GP1()=GP1()+GLK(I,NBW)

ENDIF

210 CONTINUE

JN Reddy Nonlinear 1D problems: 22
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MAIN PROGRAM: ERROR CHECK

C Test for the convergence of the solution
DNORM=0.0
DINORM=0.0
DO 220 IE=1,NEQ
DNORM=DNORM+GP1(IE)*GP1(IE)
220 DINORM=DINORM+(GP1(IE)-GP2(IE))*(GP1(IE)-GP2(IE))
TOLR=DSQRT(DINORM/DNORM)
IF(TOLR.GT.EPS)THEN
WRITE(IT,440)ITER, TOLR
WRITE(IT,350)(GP1(l),I=1,NEQ)
GOTO 80
ELSE
WRITE(IT,400)NL,FO
WRITE(IT,420)ITER,TOLR
WRITE(IT,350)(GP1(l),I=1,NEQ)
ENDIF
270 CONTINUE

STOP
JN Reddy Nonlinear 1D problems: 24
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OF BOUNDARY CONDITIONS

NSPV — Number of specified primary variables
of the problem.

ISPV(1,)) — Array containing the information about
the global node nhumber and the local
degree of freedom that is specified.

ISPV(l,1) — For the Ith boundary condition, the global
node number at which the BC is specified.

ISPV(1,2) — For the Ith boundary condition, the local
degree of freedom that is specified.

VSPV(Il) — The specified value of the deg. of freedom.

Similar meaning for NSSV, ISSV, and VSSV for
specified secondary variables

JN Reddy Computer Implementation: 24



i IMPOSOITION OF

BOUNDARY CONDITIONS

NDF= number of primary degrees of freedom at a node

(Ugis Uy, U

K+1> =7 K+42° K+3>

K =(I —1)* NDF

NDF =3
<U16’ Ul?’ U18)

JN Reddy Computer Implementation: 25
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FORMATS OF ASSEMBLED EQUATIONS

BANDED

SYMMETRIC SYSTEM

(used in FEM1D)

BANDED

(K] =

NEQ
N

- NHBW

K_H
(BB By 00 0 ...

~

0

a-21\832\- 8y az\km\o 0...0
N

N

N
N N
A3 Qg >3 Qg a3k\+2\0 0...
N

NHBW
K_)%

@y, A, ...
Ay Q3 -

Qg Ay -

Ak
a2k+1

a3k+2

(K] =
(half-banded
form)

an—l, n-1 an—l, n---O

a,, 0

0...0 @y ... 8y ... 8y
NEQ x NEQ 7

N
Main diagonal

UNSYMMETRIC

SYSTEM

JN Reddy

NEQ x NEQ

0

Y NEQ =7

; Last diagonal beyond which all

coefficients are zero

(K] =

(full-banded

form)

NBW=2*NHBW
A<

~

* * * -
(11 Ay

* *

o (]///(/I*l) a///l

Gy, #
* *
A Oy Qo3 “*- #
* Oy Qo Oy gy *+*
31 3o Qg3 Uiy
gy Qyp Q3 Qg Qys "

A (k41
A3s2)| .
g he3)

Main diagonal

Last diagonal beyond which al
coefficients are zero

)

>NEQ=n

NBWth column;
used for storing F

Computer program FEM1D 27
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Example 1: 1-D Heat flow
d [k(T)d—T}:O, O<x<L
dx

dx
T(0)=500K, T(L)=300'K
k(T) = K, (1+ le), ko =0.2 W/ (m°K), k, =2 x1073 "K 1

DI/ NI

Direct iteration  Newton iteration

JN Redc

Linear

8L

4Q

8L

4Q

0.0000

0.0225
0.0450
0.0675
0.0900
0.1125
0.1350
0.1575
0.1800

500.00

475.00
450.00
425.00
400.00
375.00
350.00
325.00
300.00

500.00

477.24
453.94
430.06
405.54
380.35
354.40
327.65
300.00

500.00

477.24
453.94
430.06
405.54
380.35
354.40
327.65
300.00

500.00

477.24
453.94
430.05
405.54
380.34
354.40
327.65
300.00

500.00

477.24
453.94
430.05
405.54
380.34
354.40
327.65
300.00
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Example 2: Large deformation of a bar

Principle of virtual displacements

0= j oc’ o: dAdX — I 5uf(x)dx ou®(x, )P, —ou®(x,)PR;

XX XX

du du d5u du ddu
" , OE, +
dx 2 dx dx dx dx

0 J‘Xb dou du dou N dx—ijﬁuf(x)dx
dx ) ™ Xa

E

— OU(x,)P, —ou(x,)PR,

P, =— (1+d—ujNXX B, = (1+d—ujNXX
dx dx

- —1X - — X

JN Reddy 20
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Lecture Notes o

1.50
—l
S 1.25
I
>
< 1.00
(D)
g
S
& 0.75
&
%1
S 0.50
=

0.25

0.00

JN Reddy

N NONLINEAR FEM

Example 2: Large deformation of a bar

du (continued)
E=E,1-ce,), €4 =—

dx

Nonlinear elastic bar
with small strain

Linear

/ solution

\Linear elasticbar
with large strain

—> P

< 7 >

SO

0.0 1.0 2.0 3.0 4.0
Axial Force, P/EA

5.0
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SUMMARY

» Finite element formulation of a 1-D
model nonlinear problem

» Solution of nonlinear equations (Picard and Newton)
» Calculation of tangent matrix coefficients
» General logic in a computer program
» Numerical examples
» Nonlinear (material) nonlinear analysis of
a 1D heat transfer problem
» Nonlinear (geometric and material) analysis of
a bar problem

JN Reddy 31
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