JN Reddy -1 Lecture Notes on NONLINEAR FEM

MEEN 673
Nonlinear Finite Element Analysis
Fall 2016
Chapter 3 |

INTRODUCTION AND OVERVIEW OF LINEAR FEM
using a 2D model problem

AN INTRODUCTION TO TH

Finite Element Method

Third Edition

J. N. Reddy J. N. Reddy

e-mail: jn_reddy@yahoo.com




JN Reddy - 2 Lecture Notes on NONLINEAR FEM

An Overview of
The Finite Element Method

2D Problems involving a single unknown J

CONTENTS

PSS ¢ Model equation Discretization

LELLEEN  + Weak form development
- * Finite element model

* Approximation functions

* Interpolation functions of
higher-order elements

* Post-computation of variables

* Numerical examples

* Transient analysis of 2-D problems

J. N. Reddy




JN Reddy -3 Lecture Notes on NONLINEAR FEM

MODEL EQUATION

Model Differential Equation
0 8u

_5 ‘1 oz

[2283/] f in €

a; —coefficients that describe material behavior
f —source term

Type of boundary conditions

ou ou
n —_—

a,—+a n —q =0
11833 128y T q

u = u,
Y

21%"‘ 22 3y

ou 8UJ

2-D Problems:
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EXAMPLES OF MODEL EQUATION
(1)- Deflection of a membrane

o ou o ou
i Dl ] Dl
ox| ' 0zx| Oyl ** oy

—f=0 Y|

u(x,y) = transverse deflection
of a point in the membrane
f(x,y) = applied pressure
a,(x,y), a,(x,y) = tensions in the x
and y directions, respectn

Transverse deflection of a square

membrane fixed on all its sides

and subjected to uniform pressure.




* EXAMPLES OF MODEL EQUATION

(2)- Torsion of a cylindrical member

[G@ =0 1n Q}

u=—0zy, v=>=0zx, w=~0¢(x,y)

0°p  0°
Nz
Ox® 0Oy

[%y nx+[g—fx n,=0 on F}
axz(x,y)zGH[%—y , 0,.(x,y) =G0 90 |
Ox > Oy

o(x,y) = warping function
a, =a,, =GO
(G = shear modulus

0 = angle of twist



i EXAMPLES OF MODEL EQUATION
(3)- 2D Heat transfer

e

o0 ou o0 ou
ox| ' Oz Oy | ** Oy

q,(x,y) = —all—au, q,(x,y) = —a,, ou

* ox Oy

—|a %n +a %n —q on T Y
11 ax X 22 ay y n

u="1T, temperature; a, =k, a, =k,

k., k, = thermal conductivities
in the x and y directions,
respectively

f = internal heat generation

q, = heat flux normal to the boundary



i EXAMPLES OF MODEL EQUATION

(4) — 2D Inviscid flow

o( ¢ a a
-z 118:1:  dy 22(’9;1/ —/=0

_ 3_¢ _ ., 99
v_(x,y) =—a, P v, (x,Y) = —a,, Jy
0 0 A
_ all_@x n.+ a,, —aj n,|=4q, on I

u = ¢, water head (velocity potential)

a,,, a,, = permeabilities 1n the x and y directions,
respectively

f = internal infiltration

q, = flow normal to the boundary
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WEAK FORM DEVELOPMENT

Approximation u(x, y) ~ Uy, (x, y)

Weak Form Development
0 o0
_Of, Om|_ O, 0| g
or or Oy Oy
F
| F

Step 1
[ u
Qe

Step 2: Trade differentiations between W and U,
Consider the identity:

ow. OF OF ow.
oz oz ozr oz oz ozr
Green-Gauss Theorem F
f a—Fda:dy:Eﬁans, f a—Fda:dyzfﬁans
0O° aw v oY 0O° ay 4 Yy

2-D Problems: 9
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WEAK FORM DEVELOPMENT continued

Step 2:
. _ _ oF 0 ow.
Consider the identity: —w, — = ——(wi Fl) +—F
Ox ox , ox
F
f 8—Fda:dy:b(ﬁn Fds = f a—Fdxdyzkfn (w -Fl)ds
O Ox . ! o Or ’ TA

o0
8—Fd51:dy = j;n w. allﬂ ds
0 Ox vl Or

1‘\6

2-D Problems: 10
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WEAK FORM DEVELOPMENT (continued

Step 1
0, 0
o= [ -2 2n) 2, on)_ L,
o 'l Ox Oz ay ay
ow ou ow. ou
= —|a Ll — ——w fldzd
| Ox [ 1oz oy | * By] Zfld y
— f w. | |a 9, n +|a 9, n |ds Step 2
J ? 11 833 z 22 8y
ow. ou ow. ou
= —\a bl — —h ) — w fldzd
o' | Oz [ oz oy | * oy Zf]d Y
_ f w g ds Step 3
0, 0
q, =|a, % n_ +|ay, 8—uyh n, , flux normal to the boundary

2-D Problems: 11
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MENT APPROXIMATION

£ q
| yn R
A A/q(n:nq
xl n
n:nxi—l—nyj
- - X

n = cosa1+ sina ]

2-D Problems: 12
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MENT APPROXIMATION

Weak form 5 5 5 5
w u, w. U
Ozf—za + —tla,, —|—w.f|dzd
. or [ gy oy [ 2 9y Zf] !y
— i w. q ds
Approximation re

u(@,y) = w,(2,y) = ¢ + 6T + ¢y + ¢y + -+ (n terms)

— i uj% (z,y)

Finite element model [the ith equation is obtained by
replacing the weight function w by ¢, (i =1,2,---,n) ]

0
+¢
0y

Bu
Ao 3_y

0 O —t,f| dzdy

2-D Problems: 13



iFINITE ELEMENT MODEL DEVELOPMENT

(continued)
B oy, Ou, oY, ou,
0= Qf 7 v R (e —,f|dady
L
o). & o | o & oY,
0= Z | L4+ —£ L dzd
Jo B | ar | 3y 20y |
— [w.fdeay— g, ds
Q° e
il o0

2-D Problems: 14
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FINITE ELEMENT MODEL DEVELOPMENT

(continued)

By, Oy 0 0¢P
ay

0= f
Z i Or Ox T Oy Oy
—f o f dady — gﬁwq ds

—E:Sj—ﬁ—- Zywe—pemlce—Fe

o, OV, aw oY,
f 11 0/22 .’L’dy,
Or Ox Oy Oy

= f U dudy + i q, ds
4

2-D Problems: 15
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APPROXIMATION FUNCTIONS

Linear Triangular Element

") (3, 4a) u (T,Y) = ¢ + 6T + 3y
U (T, 1) = ¢ + 6r + ey = Uy
(2. 1) Uy (Tg Yo) = € + 0Ty + Yy = Uy
U 0) = 6+ o ey, = 4
ule -1 25} ?/1- ¢y ’
tust=1 z, g{ict=>u"=A% orec’ =A"u
Us 1z ys||cs

™~

2-D Problems: 16



N "APPROXIMATION FUNCITONS ™™
Linear Triangular Element (continued)

u, (2,y) = ¢, + ¢,z +cy = {1 T y} {ce} = {1 T y}[A]_l {ue}

€

= i@y + ey + eyl = 3w (z,y)

v (z,y) = 226 (O@ + Bz + 7y )

Oéz' — xjyk _ijka ﬁz :yj _yka ’YZ — —($]. _xk:)

A" = Area of the triangle, 2A° =Determinant of |A]

4

2-D Problems: 17



i APPROXIMATION FUNCTIONS

YA

Linear Rectangular Element

w,(T,y) = ¢ + T+ ey + ey

2-D Problems: 18



JN Reddy - 18 Lecture Notes on NONLINEAR FEM

APPROXIMATION FUNCTIONS

Linear Rectangular Element (continued)

2-D Problems: 19



JN Reddy - 19 Lecture Notes on NONLINEAR FEM

Interpolation Property of the
Approximation Functions

’1, 1 = 4, a fixed value

4 0, + = 7, a fixed value

u(x,y) ./
y
Ul u, %
b 2
3 1 4> X / / (/o X

Representation | Representation

of the domain of the domain

by 3-node triangles by 4-node rectangles

2-D Problems: 20
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NUMERICAL EVALUATION OF

COEFFICIENT MATRICES
Linear Right-Angled Triangular Flement

) 1 —1 0 1 0 —1
K] =ay, |1 10 +a§2i 00 O
2a 2b
0 0 O —1 0 1
When alel p— a,;2 p— k@’ we have :)j\
[ 2 2 2 2' vy
L | et 3\ Right-angle triangle
[Ke] — e _ b2 b2 O b
2ab , ) ,
v 1 AN
(r}= 22 2
3
1
o 2-D Problems: 21
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COEFFICIENT MATRICES
Linear Rectangular Element
YA ﬂ
T 3
b ]
o4 )
1 2
i a >t
P L RLo A Bl
2 L=t b PSR
Tebeo e o e B e
s S S 1

NUMERICAL EVALUATION OF

et
=
9]
e —
I
S
r-lkmg}
o>
R s ==

2-D Problems: 22
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PARAMETRIC FORMULATIONS

Geometry: z = ijwj(f, 77), Yy = E?{?%(f: 77)
j=1 J=1

Solution: ’U,(;Ij, y) — ZU§¢;($; y) :ZU;¢5($(€, 77)7 y(€7 77))

Thus, there are two meshes in finite element analysis.

1. Superparametric (Im > n): The polynomial degree of
approximation used for the geometry is of higher
order than that used for the dependent variable.

2. Isoparametric (m = n): Equal degree of approximation
IS used for both geometry and dependent variables.

3. Subparametric (m < n): Higher-order approximation of
the dependent variable is used.

Numer Integration:
23
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NUMERICAL EVALUATION OF

INTEGRAL COEFFICIENTS

e Transformation of the integrals posed on arbitrary-shaped
element to the master element domain so that evaluation
of the integrals is made easy.

e The Gauss integration rule that evaluates an integral
expression as a linear sum of the integrand evaluated at
certain points (Gauss points) and weights (Gauss weights)
is used.

u(z, y) =~ w(z,y) Z“w (z.9)
~ uf (z(¢, n)ay(f, 1))
= i’u;w]e(g 77)

Numer Integration:
24
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NUMERICAL INTEGRATION

w(&m) = wi(E,m)

n=1 "}
y(&m) =Yy (&m) o
=1 Q ~
VA

X= x(f,ﬂ)

y=y(&,m) > X
§=2(x,9) n x=xE0), y=y(ED
n=n(x,y)

dxdy =|J|dédn

x=x(1,n7), y=y1,n)

Numer Integration: 25
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NUMERICAL INTEGRATION

NPT

G, = f " Fy(z)dem ¥ F,(z,)W, — General
¢ I=1

NGP

+1
K, = f_1 E(§)dE~ [Z:; F(§)W; —Gauss rule

1
NGP = [%], Nearest larger integer equal to (p+1)/2

p=1 =NGP =1 F(&)
p=2or 3=NGP =2
p=4or5=NGP=3

I+ 15

+1 h
I, =:/1F(€)d€=5[F1 +F]=2

=2X F(0) = F({W,

Numerical Integration -
26
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TRANSFORMATION OF THE INTEGRAL

O, O,
K :f a, ¥, 99, +a28% 2 dzdy
J Or O Oy Oy
= [ Fy(@.y)dedy= [ Fy(a(&n),0(6m) T dedn
Q, QO
NGP NGP W,
f (&m)J dédn =y > W W, Fy(6m,) (v -
=1 J=1
Oy; Oy, ox . Oy, Oy oy, | [ox oy Oy, |
0 Ox 0 Oy 0¢ < o0& _ o0& 0 || ox L _ g
Oy; 0y, 6x+6l//i 0y oy, lax oy ||ow; |
on Ox On 0Oy On on | |On On || Oy |

Numer Integration: 27

"

ox
oy;
Oy

— Weights
Integration
points

fal//i\

J
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NUMERICAL INTEGRATION

85 ag Zzllag Zzll

Jacobian J — _
matrix ox oy ) m c‘wi
_(’)77 5)77_ Zi:lxi on Zi:lyi 877_
-8@21 ([9122 &Lm--xl Y |
_ 0 o0& o8 ||x, VY,
On 9n o ||%m  Im.

Global derivatives in terms of the local derivatives

r%\ r%\ r%\
JOX | _ga) o L = J* % |
oY, [ oY,
L oY L on | L on

Numer Integration: 28
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ELEMENT CALCUIATIONS
1y — +a :

K¢ = f
K Or Ox * 8y Oy

- f [a’ll 57 [ w 1*2% [J>l< %_I_ * 8rgbj]

oy, Oy, o, O

dudy [ dxdy=Jdzdn, J=|J]]

f an 11 a¢ 12 an
fw x % X % « 3@0
+ ay (&, )[ 35 + Joy BU][J21 ¢ T Jyy an ”Jdﬁdn
= [ Eien dfdn—ff ) d€ di
JiTZG NGP, o
Z flanJ WW

=1

Numer Integration: 29
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Master element Actual element
n
£ < >
n
£ < >
i % >
1 2 §
¢
N\ % >

Numer Integration: 30
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n
I SO WU by
GAUSS QUADRATURE ~ “"1 | ©f
n=y+ I —+— :
n=—y3 |
fFij (x, y)dxdy:flfij (En) déd Domain
A 2 of the
° e master E=— %
N W ﬁ (é" ) element : |
I~ . N N I
5 VI TRANCY IR N n \JZ
. n=0- -1
Domain of the
physical element n=—3
Gauss points Gauss weights g

n=0.861...
n=0.339...

n=-0.339...
n=-0.861...

Computational Issues: - 31
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ASSEMBLY OF ELEMENTS/EQUATIONS
(1 DoF per node)

6

A

K, = a relationship between
certain property of global
node I and global node J.

= 0,if node I and J do not
belong to the same element

Connectivity matrix
Element local node numbers— (1 2 3 4]

O O O

=

||
Ty Ot W N
00 =~ Ot

o X X o

1 1 1

Kn — K1(1)> K13 — K1(4)a K15 — Kl(?))) K14 = 0,
1 2 1 2

K22 — Kz(z) +K1(1)7 K25 — K2(3) +K1(4)7 KZG = 0,

Ky = Kig + Kii + K3 + Ki,
Ky = Kif + K\, F = R, B = B + 1Y,

F = Fg(l) +EL(2) _|_F2(3) _|_Fl(4)

t

2-D Problems: 32



i POST-COMPUTATION OF VARIABLES

2-D Problems: 33
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Derivatives of the Solution

Linear triangular element

8uh_i 8 QAGZuﬁ], (z,y) €

T

Bu - 1 « .
=2 S u (By) €9
j=1 ZA j=1

Linear Rectangular element

au - 1 - e € e e
" —Z a Z ui (85 + 1y) (z,y) € Q

x 2A6
8’LL - 1 - e/_e e e
: —Z ezuj(%' +ij)a (z,y) € Q
oy 2A o

2-D Problems: 34
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Example 8.3.1 from the book

2x2 mesh ) 4x4 mesh
y u=0 —V u:]. y u=0
. a=1 _ 3 a=1 N
+ 7 g 9 +21 125
a’®
a_ ol | ® | @ |u=0 7NN T il S - N 20
ox - ox @) a2
At 51 6 11 13 15
a=1 a=1 ® . | u=0
@ | ® ; r
1@ ©) 1@ @
v 1 1
+ i > " Tl 2 8 4 5 "
_ou au_o qn:a_u:_a_u:
Qn—g——g— on oy

(b)
(a)
For example, equation for node 1 is:
KU, + KU, + KiUy + KisUs =
or
UL+ KGU, + K§Us + KU = (2 +Q = £
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Finite Element, Ritz, and

0.35

0.30

0.25

0.20

0.15

Solution, u(x,0)

0.10

0.05

0.00

Lecture Notes on NONLINEAR FEM

Exact Solutions
|||||||||| ||||||||||||||||||||||||||||||||||||||| 0.7 |||||||||||||||||||||||||||||||IIIIIIII LLLLLLLLL
— 06—: 1u-0 -
= ] %:0 u=0 — /- —4&
= 0.5 @, " =
= = . % - - - - - - -+
= X 042 [ -
3 | » Ritz solution : 7 — 7 =
=2 | A FEM (mesh T2) § 037 | C
= |— Analytical = - J -
E \ 8 o0z-= -
= — - - - - - —
3 A FEM (mesh T1) /\\ . e FEM (mesh T2) [
= Ol =3 — ~1 FEM (meshT1} £
= - —— Analytical -
:||||||||||||||||||||||||||||||||||||||||||||||||| 0.0 I”IIIIII'IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII
00 02 04 06 0.8 1.0

0.0 0.2 0.4 0.6 0.8 1.0
Coordinate, x

Coordinate, x



"“PISCUSSION (distributed boundary source
and convection type boundary condition)

For linear elements

h
Q= fo q,(s),(s)ds 2(q h 1(q,h
s %=317 ) Y4 =315%
q,(8) = g, [1 - —] 5
h
x)’q
1 )
:4 1— N
w(0,y) = 4y( y)\ >
0<y<l1 1.03)1 6
S
© | @ | atu=0
4l \ ] e
—1.0

u(z,0)=4dz(l—1z), 0< <1

2-D Problems: 37
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Q= [ 0. u6)ds= [ —Bu—u,)v(s)ds
= [T B0 gty — ) v (s)ds

DISCUSSION h h

(computation = —ﬁZ; U j; Y, ds + 3 j; Uy, ds

of convection B

type BC) q”\_ 0 General form of the BC:
7,yqn208 qn-I-ﬂ(u—uO):O

u(0,y) = dy1—y)| @ ey

0<y<1l 3 1 4,1 1.0

2-D Problems: 38
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alysis of 2-D Problems

Model Governing Differential Equation

Oy Ou_ B @]—i Ul _ f(a..)
at ' 2o  oaz\Maz) oy k4

G

a’22 ay

Weak formulation

O—fw
-

ou, o'u, O [ 8uh] 0 ou,
¢ T — yy o
ot et ax\ Tt ar) oyl ” oy
— f(z,y,t)]dvdy
ou, 0’u, ow,; Ou, ow,; Ou,
+ W6, —/— + 0y
ot ot Or Or Oy Oy

— wz.f]da:dy — qui ds
L,

w,¢ + ay,

2-D Problems: 39



i SPATIAL DISCRETIZATION:
Finite Element Model

Approximation
u(z,y,t) = u, (x,y,t) Zu
7=1

Finite element model
Ca+Mu+Ku=F

Ci = [ ety oxdy,  M§ = [ cuu; didy
Q

€ QE
0 . O
Kij :j Ay —— 0 +a ] dxdy
: OX OX oy oy

= | fu; dxy+ay; ds
Q r

2-D Problems: 40
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TIME APPROXIMATIONS (Parabolic)

Semidiscrete FE model

Cu+Ku=F, 0<t<T NOTE: From here, the
procedure is the same

Alfa-family of approximation asin 1-D

u,, =u, +At,, [C“us+1 + (1 — a)u, ]

Cu,,, = Cu, +Ats+1[ 1—a

Cu,,=F_,—K ju_, Cu, =F, —K,u,

(C + ozAtstleﬂ)usJrl =(C—(1—a)AtK,)u,

+ Aty [O‘ 1+ (1 —a)F, ]
Fully discretized model

K, u,, = Fs+1J K., =aAt, K, +C,

_[ Aty s+1+C]u + Aty [O‘F+1+( )Fs]

2-D Problems: 41
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TIME APPROXIMATIONS (Hyperbolic)

Semidiscrete FE model

Ceue _I_ Meﬁe —I— K@ (& — Fe

Newmark scheme (second-order equations)

u, =u, +Atu, + %(At)2 u, .

us—i—l — us + Atus,a’ us,a — (1 T a)us + Q us—i—l

Fully discretized model

Ks—l—lus—l-l =F J Ks—i—l — Ks—l—l + a3Ms+1 + a’5Cs+1

A

Fs—i—l = Fs+1 + M5+1 (asus +aa, + a,51"18) + Cs+1 (%us +agu, + a7ﬁ8)

2-D Problems: 42
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An Example: Transient Heat Conduction Problem

oT 0 |, 0T o, 0T
i i C — R — R = f(x,v.t
Governing equation ¢ = ax[ ™ (‘9y[ ay] f(x,,t)
o kﬂnx—kgny —0onx=0and y=0
Boundary conditions |9x Oy
T=0ony=land x=1
Initial condition T(x,y,0)=1
Y | Y
_ - T=0 21 o5
LTy ] 06 3
o 16 |25 31120
(insulated) T=0 11 15
1.0 6 109
10
1.0 . 2 4 8
¥ | ox 173 yd
o 1 2 3 4 5

—— =0 (insulated)
oy

2-D Problems: 43
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Stability Characteristics

0.15 EERE NN NN R
- _® -
= 0107 ‘ —
> Bl | B
= N N E
s 005 A
é _ |
_ | |
= _ \
g 0.00 .
é‘ _ —m a=0.5 At=0.01 | B
ﬁ ] L _ | —
-0.05 — a =0.0, At=0.005 . L
o (R =00, At=0.01 \\ -
-0.10 —: 4 x4 mesh of linear triangles L =
E Atori =0.00518 B
-0.15 T T T T T T T T [ T T T T [T T T T [ T T T T TTT]
| | | | |

0.00 0.02 0.04 0.06 0.08 0.10 0.12

Time. ¢
2-D Problems: 44
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A NUMERICAL EXAMPLE (parabolic)

0.35

o
%
S

—
DO
Ot

—
o
S

Temperature, T(x0tsa)

|IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII|

t = 1.0 (steady state)
At =0.005, ¢ =0.5

]llllllll|lllllllll,,

tf 9005

IIIIIIIII|Iﬁllllx¥||IIII‘I‘IIII|IIIIIIIII|IIIII

0.00 0.20 0.40 0.60 0.80 1.00
Distance. x

— —

Temperature, 7(0,0,t)

Lecture Notes on NONLINEAR FEM

I 1 1 A B I

0.35

o9
o W
o S

—
o
S

)

p—d

t
Allll|llll|llll|IIII|IIII|IIII|IIII

o
[
-

IIII|IIII|IIII|IIII|IIII|IIII TTTT

=
8 &

00 04 038

IIII|IIII|IIII|IIII|IIII

1.2 16 20
Time. ¢

2-D Problems: 45
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TRANSIENT RESPONSE OF A MEMBRANE

y

<I

216
16
X  bu 11
ox 6
X
8 Lo b b by
6_: 4 x4 mesh of linear triangular elements [
= - in a quadrant of the original domain?l — 0.50 Coa o b b -
T4 At =0.1058 fll} — i =
A nE ] =
Jg = L, M E 025 -
T . !\ e | -
E 0 gw .5 : E_
23 iE g 000 -
- ¢ E 'g ] -
47 (4 At=0.125,0=05,7 =05 LB - =
= & At=0.125,0=0.5,y=1/3 L N =
6 J |aAt=01,2=05y=1/3 {. = 02577 -
-8_||||||||||||||||||||||||||||||||.||_ — b ;_
00 05 10 15 20 25 30 35 -0.50 ||||||||||||||||||||||||_
Time. ¢ 0.0 0.5 1.0 1.5 2.0 2.5

Time. ¢ 2-D Problems:
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SUMMARY

Starting point is a model differential equation in u
Construct an integral statement — weak form,

which has three steps. Integration by parts that (a)
relaxes (“weakens” differentiability on the variable u,
and (b) brings in secondary variable into the integral
form.

Substitute suitable approximation for u and obtain the
finite element model (i.e., a set of algebraic relations
between nodal values of u and Q).

Numerical evaluation of coefficients Kij and ﬁ

Assemble equations, impose boundary conditions, and
solve the assembled equations.

Post-computation of variables follows same procedure as
in 1-D FEM.

Reviewed time-dependent problems.

2-D Problems: 47
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