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GENERAL INTRODUETTON"

Engineering iIs a problem-solving discipline,
and solution of a system requires an under-
standing of the phenomena that occurs in
the system.

The study of natural phenomena
Involves

» developing mathematical models,

» conducting physical experiments,

» carrying out numerical simulations,
and

» designing and building systems.
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| GENERAL INTRODUCTION |

The mathematical description of physical
phenomena requires mathematical tools such
As vectors and tensors and the physical laws
which govern the phenomena. Since this
course iIs concerned with the numerical
simulation of the physical phenomena (i.e.
solving the equations by numerical methods),
We review vectors and tensors and the
Equations of mechanics first.
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Chapter 1

An Introduction to J. N. REDDY

CONTINUUM Much of the material —_
e AL included herein is taken s
- from the instructor’s
two books exhibited here =
(both published by the PRINCIPLES Of

: : - CONTINUUM
Cambridge University
Press) e
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Physical vector: A directed line segment with an
arrow head.

Examples: force, displacement, velocity, weight

Unit vector along a given vector A:
: A A A
The unit vector, e, = 7 (A=0) /

IS that vector which has the same P e,

direction as A but has a magnitude

that is unity.
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Rules or AXioms B

s
.
o*
.
.

Vector addition:
() A+ B =B+A (commutative)
(i) (A+B)+C =A+(B+C) (associative)
(i) A+0=A (zero vector)
(iv) A+(-A) =0 (negative vector)

Scalar multiplication of a vector:
(1) oa(pA)= aff(A) (associative)
(i) (a+ P)A= a A+ A (distributive w.r.t. scalar addition)
(i) o (A+B)=aA+aB (distributive w.r.t. vector addition)
(iv) 1.A=A.1
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Work done Magnitude of the force multiplied by the

magnitude of the displacement in the direction of
the force: .

WD = |F|cos«9 ><|u|

WD = |F| ><|u|cos€
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VECTORS (continued)

A-B = ‘A‘ ‘B‘cos@ = ABcosf
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Moment of a force Magnitude of the force

multiplied by the magnitude of the perpendicular
distance to the action of the force:

M|=(F, M=(rsingxF)é, =rxF

F
O/KVP

= ‘r‘sin@ =r sinf
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Vector product of two vectors is defined as

AxB = ‘AHB‘SID@ e,; = ABsinf e
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""PLANE AREA AS A VECTO
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"“SCALAR TRIPLE PRODUCT

The product A . (B x C) isascalar and it is termed the scalar
triple product. It can be seen from the figure that the product
A . (B x C), except for the algebraic sign, is the volume of the
parallelepiped formed by the vectors A, B, and C.

BXC’%C\/ ﬂ

il

A.(BxQC)
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1. If two vectorsaresuchthat A-B =0
what can we conclude?

2. If two vectors are suchthat AxB =0
what can we conclude?

3.Provethat A-BxC=AxB-C

4. If three vectors aresuchthat AxB-C=0
what can we conclude?

5. The velocity vector in a flow field is v = 2i + 33’ (m/ s).
Determine (a) the velocity vector v normal to the plane

n = 3i-4k passing through the point, (b) the angle between
v and A (c) tangential velocity vector on the plane, and
(d) The mass flow rate across the plane through an area

A =0.15 m? if the fluid density is p =10° kg/ m°® and the

3. N. Reday | Flow Is uniform. VECTORS&TENSORS -13
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Components of avector A = A4¢é +A4¢é +A¢,
b = Ae + A€, + Ag,

n =ne +ne +ne,

i : n1é1+n2é2+n3é3
J RN

&6, =0,

&, -6, =1
6, %6, — &,

1Xé3:_é2

VECTORS&TENSORS 14
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SUMMATION CONVENTION

Y N 0,if i =
é.-éj) 6ij (ei.ej):{l,ifi:j

J. N. Reddy VECTORS&TENSORS 415



NONLINEA_\R FEM
(continued)

SUMMATION CONVENTTON

AxB=ABsinf é,, i . 0
:<Aiéi>x<Bjéj>:AiBj<éiXéj) AxB=|A A, A,

— ABe,,8, 5 B B Bl

e =30 )i — Rk -0

0, if any twoindicesarethesame

A - N 1,if i = j = k, and they permute
€ xXe e =¢e -e xe,=- ,

inanatural order

—1,if i = j = k,and they permute

oppositetoanatural order

VECTORS&TENSORS 16
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SUMMATION CONVENTTON (continue

(continued)

Contraction of indices:

The Kronecker delta §..modifies (or contracts) the

subscripts in the coefficients of an expression in which
It appears:

ij ik

Ao, =A, ABo =AB =AB., 60,=0,
Correct expressions:

F = ABC, G,=H,(2—3AB)+PQF,

Incorrect expressions:

A, =BC,, A, =B, and F, = ABC,
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SUMMATION CONVENTTON (¢ontinued)

p; =abc; and ¢, = degq,

a, = bp i
iCi

ai a’l a’2 aB
J. N. Reddy VECTORS&TENSORS 18
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The permutation symbol and the Kronecker delta prove
to be very useful in establishing vector identities. Since a
vector form of any identity is invariant (i.e., valid in any
coordinate system), it suffices to establish it in one
coordinate system. The following identity is useful:

e-8 Identity: € Eimn = OimOkn — 0, Ot

J. N. Reddy VECTORS&TENSORS 19
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EXERCISES ON INDEX NOTATION

Exercise-1: Check which one of the following expressions
are valid:

(@ ab =c (d —f); (b) ab =c (d —F)
© a =bc(d—f); @ x,.x,=r°

(e) a =3 ) 6,6,0,="
A1 AZ A3
Exercise-2: Prove A-BxC=¢,ABC,=|B, B, B,
¢, G G
(AxB)-(CxD)

Exercise-4: Simplify the expression A x (B xC)

Exercise-5: Rewrite the expression €, .. AiBijDné 5

J. N. Reddy In vector form VECTORS&TENSORS 20
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A second-order tensor is one that has two basis vectors standing
next to each other, and they satisfy the same rules as those of a
vector (hence, mathematically, tensors are also called vectors).
A second-order tensor and its transpose can be expressed in
terms of rectangular Cartesian base vectors as

. A A e AN T e AA A A
S =5See =5ee; S =§5ee =35ee,

A second-order tensor is symmetric only if
— QT -

Second-order identity tensor has the form

| = 6ijeie ;

J. N. Reddy VECTORS&TENSORS 21
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Wenotethat S-T =T-S (whereS and T are second-order
tensors) because

S-T =(S; é¢,)-(T, &,¢,)=S,T,€(é,-é,)é =8ST,eé
T-S =(T; é¢,)-(S, €,&,)=T,S,&(é,-é,)é,=S,T.ee,

We also note that (Where S and T are second-order tensors
and A is a vector)
SxT =(S,&¢,)x (Tkl é,eé l) =S,T,¢, (é]. X ék)él =S, T,

jkpeiepel

J. N. Reddy VECTORS&TENSORS 22
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Stress tensor is a good example of a second-order tensor.
The two basis vectors represent the direction and the
plane on which they act. The Cauchy stress tensor is
defined by the Cauchy formula (to be established in
the sequel):

l iy J
ts X, t; =€,0,3+€,0y; + €303,
A
v 330 32 oA A N
{2 /tz ov ity « Yo = €015 T €305, + €303,
k Z—> 1031 ,ﬁ/
o le] 2 /ﬁ'ﬁl\* 722
t e ”, o 012
1/ 4
& t, =eo,,t+teo,, +e.0
t —8.0. — 0.0 1 — €011 2091 3031
A S A
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A nth-order tensor is one that has # basis vectors standing next to
each other, and they satisty the same rules as those of a vector.
A nth-order tensor T can be expressed in terms of rectangular
Cartesian base vectors as

T =1, ,eee,-e,;

;\f—/ . /
4

n base vectors

The permutation tensor is a third-order tensor

The elasticity tensor is a fourth-order tensor

C= Cijkl €.e.e.c

J. N. Reddy VECTORS&TENSORS 24
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A second-order Cartesian tensor S (i.e., tensor with
Cartesian components) may be represented in barred
(x,,x,,x,) and unbarred (x,,x,,x,) Cartesian coordinate
systems as

A A

S=s.,e,e,=s, € €

m n

The unit base vectors in the unbarred and barred systems
are related by

A
A —_—

€; zfijei

and € =/ é

ij o gi':ei.e'

J J

Thus the components of a second-order tensor transform
according to

S.=/V. V.8

1j im’™~ jn~mn

J. N. Reddy VECTORS&TENSORS 25
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“Del” operator: v =g

“Laplace” operator:

vz Evv: 82 82 82 82

= . T
Ox.0x, Ox. Ox; Ox.

“Gradient” operation:

VF =e, ﬁ, where F'isascalarfunction

0X.

l

Grad F defines both the direction and magnitude of the
maximum rate of increase of F at any point.

J. N. Reddy VECTORS&TENSORS 26
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. OF

VF = na—, where nisaunit vector normal
n

to the surface F' = constant

We also have n = Vi and @:ﬁ-VF

‘VF ‘ on

“Divergence” operation:
0 ( )_GGi

e —|-(e@.
B, i

l

The divergence of a vector function represents the volume
density of the outward of the vector field.

J. N. Reddy VECTORS&TENSORS 27
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0x.
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https://en.wikipedia.org/wiki/Flux
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“Curl” operation:

. 0
€

] oG, .
x(ejGj):eijka—x’ek,

VxG=
0x.

l

where (Gisavectorfunction.

i

The curl of a vector function represents its rotation. If
the vector field is the velocity of a fluid, curl of the
velocity represents the rotation of the fluid at the point.

J. N. Reddy VECTORS&TENSORS 28
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e, cosf sinf Offe,
1€,1 =|—sinf cosf 0fe
€, 0 0 1jle,
e | |cosf —sinf Offe,
i€, =|smnf cosf 0jie,; ] P
e, 0 0 1)le,
' ' oe & oe, .,
A= Arer + Aeee + Aze2 o0 Y2 r

“Del” operator in cylindrical coordinates

vee L 11s L6 Y

r 0 z
J. N. Reddy ar r ae az VECTORS&TENSORS 29
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E
Here A IS a vector:

V.A:E a(rA’”)JraA@Jrr@AZ A : A
r| Or 00 0z A=Ae +Ae,+Ae,
110 ( 0O 1 52 52 | | Verify these relations to
V= i e e yourself
riorl or) rog*>  9z°|° )
VxA:[;aAz_aAe]é +[8Ar_8Az]é 1 8(rAQ)_8Ar]é
rog o0z)' oz or)’ r| or 00"
0A, . .  OA, ..  1(0A . O0A .. 0A ..,
VESS 8rr €e, T a}f €.e, +;[ 5 9’"—Ag ee, + 8; ee, + Z’” e.e,
pia 1+ %ee, + 2% 00 + Moo+ it
N 90 | 0T . gp 0+ 9z 20 YA

J. N. Reddy VECTORS&TENSORS 30
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JN Reddy - 31
réR\ singcosf singsinf  coso|[é, R—Ré, o P
1€, =|cospcosh cos¢psinf —sing|ie, R=[R|=r" 12
é, —sino cost 0 |le,| EENE I
T T : R
e, singcosf cos¢cosf —sinf||e, LlneAparaIIeI P
) éy - = |singsinf cos¢psinfd  cosf | é¢ : e, >-/'/9 i K
e, cos ¢ —sin ¢ 0 |le, g Line parallel
X to &,
A= Aze, + Aqbecb + 4.8, 9p _ By O _ singe,
ol o0
“Del” operator % _ & 9% _ osge
8¢ R> 8(9 0
., 0 1, 0 1 L, 0 .
V=e,—+—e¢, + —— G —— [ \
OR R "0¢ Rsing 00 %—_qubefe —cosge,

J. N. Reddy
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Vzili[Rzi]jL ,l a[singba]—l— 1 aw

R?|OR OR) sin¢ 0¢ 0o sin® ¢ 06°
O(A  sI
V.AZZAR+0AR+ 1 ( ¢Sln¢)+ 1 04,
R OR Rsing [0J0) Rsing 00
—a Osingd,) 04, |, 1 0A, 10QRA)|,  1/0HA) 04|,
~ Rsing| 8¢ o0 Rsing 00 R OR | ° R| OR O
0A, . . 0A, , . 1({0A - 0A, . . 1 0A,
VA:a—}?eReRqL 8R¢ €,e ¢+—[ 8¢R —A e, é,+ (9R€ e.e, + Rsmqb[ — A smgb]e e,
1 (9A A 1 0A aa 1 (9A -
+E[A 5% ]e e +R 8¢9 Ke +Rsmgb[ Agcosqb]egeqj
1 -
A
+Rsin¢[ Je ©o

J. N. Reddy VECTORS&TENSORS 32
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Establish the following identities (using rectangular
Cartesian components and index notation):

1. V() :£

V@) =nr"r
Vx(VF)=0
V. (VFxVG) =0

> W N

5. Vx(VxA)=V(V-A)—V°A

o

V- (AxB)=VxA-B-VxB-A

/. AX(VxA)=3sV((A-A)—A-VA

J. N. Reddy VECTORS&TENSORS 33
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f —scalar; F — vector
Quantity[] [] Vector!( Scalar([] Nonsense!

V x (V)

V- (VxF)
V-(VxFf)
V x(V xF)

V(V-F)

V x(Vxf)

J. N. Reddy VECTORS&TENSORS 34
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fQ Vo dS) = j;r no ds (Gradient theorem)
fﬂ V-AdS) = 9§P n-Ads (Divergence theorem)
va A dQ = 95 AxAds (Curl theorem)
r

n=ni+n,]

=n.e,+n,e,

= n, €, +n,e,

VECTORS&TENSORS 35
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Establish the following identities using the integral
theorems:

1. Volume:%gng(rz)-ﬁdF:%ggrr-ﬁ dl’

2. fv2¢dQ: 99 4r
Q

ron

3. ﬁz(¢v2¢+v¢-w)d§z:9§r¢g—‘}f dr

4, fQ (pV2) — Y V2¢)d = SEP [gba—:f— g—i dr

5. f((pvw VigVAy)dQ = 5[5[ —(vw) vw ¢
J. N. Reddy VECTORS&TENSORS 36
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