


APPLIED

FUNCTIONAL ANALYSIS
AND

VARIATIONAL METHODS
IN ENGINEERING

J. N. Reddy

Clifton C. Garvin, Jr., Professor of Engineering
Virginia Polytechnic Institute and State University

McGraw-Hill Book Company

New York St. Louis San Francisco Auckland Bogota Hamburg
Johannesburg London Madrid Mexico Montreal New Delhi
Panama Paris  Sdo Paulo Singapore Sydney Tokyo Toronto




This book was set in Times Roman.

The editor was Anne Murphy;

the cover was designed by Nadja Furlan-Lorbek ;

the production supervisor was Diane Renda.

Project supervision was done by Santype International Limited.
Halliday Lithograph Corporation was printer and binder.

APPLIED FUNCTIONAL ANALYSIS AND
VARIATIONAL METHODS IN ENGINEERING

Copyright © 1986 by McGraw-Hill, Inc. All rights reserved.

Printed in the United States of America. Except as permitted under the
United States Copyright Act of 1976, no part of this publication may be
reproduced or distributed in any form or by any means, or stored in a data
base or retrieval system, without the prior written permission of the publisher.

1234567890 HALHAL 89876

ISBN 0-07-051348-1

Library of Congress Cataloging in Publication Data

Reddy, J. N. (Junuthula Narasimha), 1945

Applied functional analysis and variational methods
in engineering,.

Bibliography: p.

Includes index.

1. Engineering mathematics. 2. Functional
analysis. 3. Calculus of variations. L. Title.
TA330.R44 1986 620/.0042 85-11658
ISBN 0-07-051348-1



ABOUT THE AUTHOR

J. N. REDDY is the Clifton C. Garvin, Jr., Distinguished Professor of Engineer-
ing at Virginia Polytechnic Institute and State University. He obtained a Ph.D.
in engineering mechanics in 1974. He authored two books, An Introduction to the
Finite Element Method (McGraw-Hill, 1984) and Energy and Variational Methods
in Applied Mechanics. He has coauthored three other books, including An Intro-
duction to thecMechanical) Theory of Finite Elements (with J. T. Oden). Dr. Reddy
is author of over 75 archival publications in the fields of mechanics and applied
mathematics. He serves on the editorial boards of seven professional journals,
including International Journal for Numerical Methods in Engineering, Computers
and Structures, and International Journal of Non-Linear Mechanics. Dr. Reddy
received the 1984 Huber Research Prize of the American Society of Civil Engi-
neers and the 1985 Alumni Award for Research Excellence at Virginia Poly-
technic Institute.



To MY MOTHERLAND
India



CONTENTS

Preface
Chapter 1 General Concepts and Formulae
I-1  Introduction
1-2 The Present Study
-3 Some Preliminary Concepts and Formulae
1-3-1  Domain (or Region) and Boundary
1-3-2 Boundary and Initial-Value Problems
1-3-3  Gradient and Divergence Theorems
1-3-4  Summation Convention, and Kronecker Delta and
Permutation Symbols
Problems
Chapter 2 A Review of the Field Equations of Engineering
2-1  Introduction
2-2 Kinematics
2-2-1  Descriptions of Motion
2-2-2 Material Derivative in Spatial Coordinates
2-2-3  Strain Tensors
2-2-4  Compatibility Equations
2-3  Kinetics and Mechanical Balance Laws
2-3-1  Stress
2-3-2 Conservation of Mass: the Continuity Equation
2-3-3  Momentum Principles
2-4  Thermodynamic Principles
2-4-1  Introduction
2-4-2  The First Law of Thermodynamics: The Energy Equation
2-5  Constitutive Laws

2-5-1  General Comments

2-5-2  Linear Elastic Solids: Generalized Hooke's Law
2-5-3  Newtonian Fluids

2-5-4  Thermoelasticity

X1

o N O

11
15

17

17
19
19
20
21

26

26



vi CONTENTS

2-6  Specialization of the Equations to Linear Field Problems 38
2-6-1  Introductory Comments

2-6-2  Linear Theory of Elasticity 39

2-6-3  Newtonian Fluid Mechanics 41

2-6-4  Heat Transfer in Solids 42
Problems 43
Chapter 3 Concepts from Functional Analysis 50
3-1  Introduction 50
3-1-1  General Comments 50

3-1-2  Notation 51

3-1-3  Supremum and Infimum of Sets 52

3-1-4  Functions 54

3.2 Linear Vector Spaces 55
3-2-1  Introduction 55

3-2-2  Linear Spaces and Subspaces 59

3-2-3  Linear Dependence and Independence of Vectors 64

3-2-4  Span, Basis and Dimension 65
Problems 3-1 70
3-3  Linear Transformations and Functionals 12
3-3-1  Introduction 72

3-3-2  Linear Transformations 73

3-3-3  Linear Transformations on Finite-Dimensional Spaces 76

3-3-4  Linear, Bilinear and Quadratic Forms 78
Problems 3-2 82
3-4  Theory of Normed Spaces 85
3-4-1  Norm and Normed Spaces 85

91

3-4-2 Continuous Linear Transformations
3-4-3  Complete Normed Spaces: Banach Spaces 97
3-4-4  Closure, Denseness and Separability 101

Problems 3-3 103
3-5  Theory of Inner Product Spaces 105
3-5-1  Inner Product and Inner Product Spaces 105

3-5-2 Orthogonal Vectors, Complements and Projections 108

3-5-3  Complete Inner Product Spaces: Hilbert Spaces 112

3-5-4  Orthonormal Bases and Generalized Fourier Series 118

123

Problems 3-4

Chapter 4 Variational Formulations of Boundary-Value

Problems 125
4-1  Linear Functionals and Operators on Hilbert Spaces 125
4-1-1  Introduction 125
4-1-2  Representation of Linear Functionals 127
4-1-3  Adjoint Operators 129
4-1-4  Symmetric, Positive and Positive-Definite Operators 133
Problems 4-1 134
4-2 Sobolev Spaces and the Concept of Generalized Solution 135
4-2-1  Sobolev Spaces, H™(Q) 135

4-2-2  Traces of Functions from H™(€) 138



43

4-2-3  The Friedrichs and Poincaré Inequalities
4-2-4  Weak (or Generalized) Solutions
The Minimum of a Quadratic Functional

4-3-1  TheMinimumFunctionalTheorem
4-3-2  The Energy Space
4-3-3  Concepts from Variational Calculus
4-3-4  Nonhomogeneous Boundary Conditions

Problems 4-2

4-4  Problems with Equality Constraints
4-4-1  Introduction
4-4-2  The Lagrange Multiplier Method
4-4-3  The Penalty Function Method
Problems 4-3
Chapter 5 Existence and Uniqueness of Solutions
5-1  Introduction
5-2  Linear Algebraic Equations
5-2-1  Vector Interpretation of Algebraic Equations
5-2-2 Solvability Conditions
5-3  Linear Operator Equations
5-3-1 Introduction
5-3-2  Solvability Conditions
5-3-3  The Contraction Mapping Theorem
Problems 5-1
5-4  Variational Boundary-Value Problems

5-4-1  Introduction

5-4-2  Regularity of the Solution

5-4-3  The Lax-Milgram Theorem

5-4-4  Nonhomogeneous Boundary Conditions
5-4-5  The Neumann Boundary-Value Problems

Problems 5-2

5-5

Boundary-Value Problems with Equality Constraints
5-5-1  Introduction

CONTENTS Vil

139
141
142
142
148
152
159
163
165
165
166
181
188

191

191
192
192
193
198
198
199
202
208
209
209
210
211
219
229
235
237
237

5-5-2  The Dirichlet Problem for a Second-Order Differential

Equation
5-5-3  Nearly Incompressible and Incompressible Elastic
Solids and Viscous Fluids
5-5-4  The Penalty Formulation of Incompressible Fluids
Eigenvalue Problems
5-6-1  Introduction
5-6-2  Existence and Uniqueness Results

Problems 5-3

Chapter 6

6-1
6-2

Variational Methods of Approximation
Introduction

The Ritz Method

6-2-1  Introduction

6-2-2  Description of the Method

6-2-3  Convergence and Stability

6-2-4  Applications



vili CONTENTS

Problems 6-1 285
6-3  The Weighted-Residual Method 287
6-3-1 Introduction 287

6-3-2  The Bubnov-Galerkin Method 289

6-3-3  The Method of Least Squares 297

6-3-4  Collocation and Subdomain Methods 302
Problems 6-2 305
6-4 The Kantorovich and Trefftz Methods 306
6-4-1 The Kantorovich Method 306

6-4-2  The Trefftz Method 315
Problems 6-3 319
6-5 Time-Dependent Problems 320
6-5-1 Introduction 320

6-5-2  Parabolic Equations 322

326

6-5-3  Hyperbolic Equations
6-5-4 The Method of Discretization in Time 329
Problems 6-4 340

Chapter 7 The Finite-Element Method 343
7-1  Some General Properties of the Method 343
7-1-1  Introduction 343

7-1-2  Division of Whole into Parts (Partitioning of Domain) 344

7-1-3  Finite-Element Interpolation 345

7-1-4  Connectivity (or Assembly) of Elements 348

7-1-5  Existence and Convergence of Solutions 350

7-2  One-Dimensional Second-Order Equations 350
7-2-1  The Model Problem 350

7-2-2  The Ritz Finite-Element Model 351

7-2-3  Applications of the Ritz Finite-Element Model 366

7-2-4  Weighted-Residual Finite-Element Models 378

7-3  One-Dimensional Fourth-Order Equations 385
7-3-1  Model Problem 385

7-3-2  The Ritz Finite-Element Model 386

7-3-3  Applications 390

7-4  Time-Dependent Problems in One Dimension 392
7-4-1  Introduction 392

7-4-2  Semidiscrete Finite-Element Models 393

7-4-3  Time Approximations 394

7-4-4  The Method of Discretization in Time 396

7-5  Approximation Errors in the Finite-Element Method 399
7-5-1  Introduction 399

7-5-2  Convergent Approximations 400

7-5-3  Accuracy of the Solution 400
Problems 7-1 404
7-6  Two-Dimensional Second-Order Equations 407
7-6-1  Model Equation 407

7-6-2  The Ritz Finite-Element Model 407

7-6-3  Interpolation Functions 412



7-6-4  Existence of Solutions and Error Estimates
7-6-5  Illustrative Examples
7-6-6  Weighted-Residual Finite-Element Models

Problems 7-2

7-7

7-8

Coupled Second-Order Equations

7-7-1  Introduction

7-7-2  Plane Elasticity

7-7-3  Viscous Incompressible Flows in Two Dimensions
7-7-4  Bending of Elastic Plates

Time-Dependent Problems in Two Dimensions

7-8-1  Introduction

7-8-2  Semidiscrete Approximations

7-8-3  Time Approximations

Problems 7-3

References

Bibliography

Answers to Selected Problems
Index

CONTENTS X

419
421
430
434
440
440
441
454
469
485
485
486
487
490

493
495
505
535



PREFACE

An increased interest is seen in recent years in the study of functional analysis
among engineers and physicists who are theoretically inclined. This is because it
is now widely accepted that functional analysis is a powerful tool in the solution
of mathematical problems arising from physical situations. The main motivation
which led me to the writing of this book came from the following observation:
most engineers and physicists, whose interest is primarily in applications and
who are without special training in mathematics, face a difficult task in bringing
the tools of functional analysis to bear on the questions of the existence and
uniqueness of solutions of mathematical problems, and the quality of their
approximation by variational methods, including the finite-element method.

This book is intended to be a simple and easy introduction to functional
analysis techniques that are useful in the study of differential equations arising in
engineering analysis. Since most applications in engineering do not require exten-
sive knowledge of functional analysis, only the concepts that are necessary for an
engineer to equip him/herself for his/her study are presented here. In order to
make the present book as accessible as possible, I have tried to avoid difficult
topics while presenting concepts that are simple and useful. A greater amount of
explanation and larger number of illustrative examples than is usually found in
most books on the subject are also presented. In addition, it is shown how the
functional analysis tools can be put to work in the formulation as well as the sol-
ution of engineering problems by the variational methods.

Readers of this book should be familiar with calculus and linear algebra,
theory of ordinary and partial differential equations, vectors and matrices, and
basic courses in fluid mechanics, heat transfer and mechanics of solids.

Following the introduction, the major equations of engineering are reviewed
in Chapter 2. The equations developed in this chapter are studied in the later
chapters from the existence and uniqueness of solutions point of view, and from
their numerical solution point of view. Most graduate students of engineering are
likely to have had a course in continuum mechanics or its equivalent, and there-
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Xii PREFACE

fore can skip the chapter in their first reading and refer to it whenever the need
arises during the coverage of the other chapters.

In Chapter 3, an introduction to functional analysis is presented. Concepts
from lincar vector spaces, normed spaces and inner product spaces are systemati-
cally developed and illustrated via examples. Most of the concepts, for example,
the notion of a vector, norm, inner product, orthogonality, projection, orthonor-
mal bases, and gencralized Fourier series, are rather intuitive. They are presented
as natural generalizations of the corresponding concepts from the Euclidean
space. This inductive rather than deductive approach should be welcomed by
engineers and physicists. The abstract Banach and Hilbert spaces are introduced
late in Chapter 3. This chapter constitutes a basic prerequisite for the rest of the
book. Those, especially mathematics majors, who have had a course in advanced
calculus and/or analysis can go straight to Chapter 4.

Chapter 4 is devoted to the discussion of linear functionals on Hilbert spaces,
Sobolev spaces, generalized solutions of boundary-value problems, the minimum
of a quadratic functional and concepts from calculus of variations (such as the
first variation of a functional, natural and essential boundary conditions and the
Euler equations). Most of these concepts are relatively familiar to engineers,

Chapter 5 deals with the questions of existence and uniqueness of linear al-
gebraic equations, operator equations, and variational boundary-value and
cigenvalue problems. The Lax-Milgram theorem and its generalizations are pre-
sented and existence and uniqueness results are included for field problems gov-
erned by the Poisson or Laplace equation, plane clasticity, plate bending, and
Stokes flow problems. Much of the material presented in Chapter 5 is new to
engineers and physicists.

In Chapter 6, several classical variational methods are described and used to
determine the solution of various problems in engineering. These include the Ritz
method, Bubnov-Galerkin method, least squares method, Kantorovich method,
and Trefftz method. While these methods are familiar to most engineers, the
general description and convergence results presented in the book should aid in a
greater understanding of the applicability and limitations of the methods. Con-
siderable attention is devoted to practical aspects, such as the selection of the
basis of the approximation space and the convergence and stability of the
numerical schemes.

Chapter 7 is devoted to the study of the finite-clement method. The Ritz as
well as weighted-residual finite-element models are introduced and their applica-
tion to problems in one and two dimensions is demonstrated via several model
problems. Applications to problems in heat transfer, fluid mechanics and solid
mechanics are included. The questions of convergence and stability of various
finite clement models are also addressed.

Throughout the book, numerous example problems are presented, and exer-
cise problems are included at appropriate intervals to test and extend the under-
standing of the concepts covered. The book can be used both as a text book in
engineering and applied mathematics and as a reference for theoretically oriented
engineers and physicists, and applied mathematicians.
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If the book is used for a single course, Chapters 2 and 3 should be either
required as prerequisites or reviewed quickly to allow sufficient time for the
coverage of the remaining chapters.

The author’s writings in the area of variational methods are profoundly influ-
enced by the works of S. G. Mikhlin and K. Rectorys, among few others. The
author expresses his sincere thanks to all those who have by their work, advice
and support contributed to the writing of this book. Special thanks to K. Chan-
drashekhara, Paul Heylinger, and C. F. Liu for the proof reading during the
preparation and production of the book. It is with great pleasure and appre-
ciation the author acknowledges the patience in the skilful typing of the manu-
script by Vanessa McCoy.

J. N. Reddy



